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Ph P 
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MMJTROM SOATTERIM& PROM MAGNETIO SYSTaiS 

In the present work the effect of the orbital magnetic 
moment of the ions on the scattering of neutrons from a magnetic 
solid IS studied Both elasbic and inelastic cases are consi- 
dered Por the elastic scattering, the analysis of suitable 
systems by tensor formalism approach and Halpem~J ohnson-Trammell 
method have been worked out bringing out the strength and weakness 
of either method Inelastic scattering analysis has been made 
for rare earth crystals, where orbital magnetic moment are 
unquenched but spin waves are due to localized electrons and 
hence easy to handle theoretically Both ferromagnetic and 
antiferromagnetic cases have been worked out however, since 
this IS the first analytical step in this area, anisotropy 
effect has been neglected and the study has been restricted to 
the somewhat idealized cases for the most part 

In Chapter I, the tensor formalism developed by Johnston 
for the elastic scattering of neutrons is extended to several 


•unfilled shells configurations The case of t\/o shells is 

investigated completely Some examples of the crystals having 

4 + 

this configuration are presented and a simple e ample of 
ion IS v;orked out Pinally, the method for tne generalization 
of the theory to a configuration, of k-shells is given 

In Chapter II, the spherical magnetic form factors of 

Go in CoO and Pe in PeO are calculated includiup' the effect 

of the unquenched orhital magnetic moment Expansions relative 

to the ^ spin only’ case are found to be 11 j/, foi Co'*"^ and 9 ^ 

++ 

for Pe Por CoO this is a major step in the c[uantitative 
explanation of the 15-17 %> expansion of the experimental curve 
compared to the Preeman-Watson * spin only' curve Por PeO no 
good experimental data are yet available for comparison 

In Chapter III, the inelastic scattering cross-section 
of neutrons for a ferromagnetic rare earth crystal is derived, 
considering the interaction of neutron v/ith the spin as v/ell as 
the orbital angular momentum of the ions The case considered 
IS that of an ideal rare earth ferromagnet without an: sotropy 
This would be a basic step towards a general theory of scattering 
intensities of neutron groups for one magnon process Actually 
two different methods were improvised, keepii in mind the needs 
towards generalizations in two directions (i) more realistic 
ferromagnetic cases, (n) more complicated magnetic structures, 
e.g. , antiferromagnetics and ferrimagnetics Pinally, it is 



checlred tliat the cross-section reduces correctly to the ’ spin 
only* ca^e in the absence of ionic orbital angular nomenta 

In Chapter IV , one of the methods of the Chapter III 
has been extended to determine the inelastic scattering cross- 
section of neubrons for the ideal antiferromagnetic case v/ith 
a perfectly ordered ground state 



SBOTION - A 


BIASTIO SCATTERING ON NEUTRONS 



OHJiPaiBR - I 


MSOR ROEMAXISM CALCUIiAKORS ROR SEVERAL 
UNEILLEL SHELLS OOEEI&URATIOHS 

1 1 lELRQLUGLIOIT 

Lhe theory of elastic scattering of neutrons by magnetic 
salts was developed by Halpern and Johnson (1939) with the assump- 
tion that no orbital angular momentum is present in the ion 
Althou^ the formulae derived by them v;ere used to analyse the 
neutron scattering data, it \/as soon realised that orbital angular 
momentum cannot be ignored for a large number of magnetic salts. 
Experimental studies by Koehler and Wollan (1953) of some rare 
earth oxides led Trammell (1953) bo calculate the effect of the 
orbital angular momentum on the neutron scattering cross section 
Trammell simplified the electron-neutron interaction term to a 
form which facilitates the calculation of its matrix elements 
Moreover, using the form of intoracbion given by Trammell, one 
can separate the form factor (Blume 1961) in the cross section 
expression. 

However, the Halpern— Johnson— Trammell (hence called HJT) 
method does not give a general expression for the cross section 
It IS to be calculated separately for each individual ion and, 
for that matter, for each individual possible wavefunction of 
the ion in the crystal A realistic crystal wavefunction is 
complicated due to the presence of a large number of components 
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wiiicli make tlie calculation of the cross section quite cumhersome 
Ihe problem is that in the analysis oi neutron dj-ffraction data, 
it is not possible to proceed from the cross section to the ware- 
fimction Usually, cross sections are derived from a large number 
of possible v/avefunctions vath a vie\; to match one of them with 
the experimental data Hence tbe derivation of information about 
the ground state v/avefunction of the magnetic ion in e crystal by 
HJl procedure is quite an unvaeldy process 

Johnston (1956), using the formalism of Racah algebra and 
irreducible tensor operators, simplified the cross section expre- 
ssions for a general ground state arising from a single unfilled 
shell configuration of magnetic ion Olbe expressions obtained 
by him for the orbital contribution of the cross section contain 
the same radial integrals as occur in the spin only part of it 
Further this approach leads to the results wnich are identical 
to that obtained by HJT method (lovesey 1969), but the formalism 
IS more general and better suited for computer calculations 

However, Johnston (1966) confined his theory to the single 
imfilled shell configuration wavefunctions which occur in most of 
the magnetic ions But there are established evidences of exis- 
tences of more than one unfilled shell in the xons of some of the 
salts of the rare earth and actinium group elements (Kuhn 1962) 

In this chapter, Johnston’s approach (1966) is extended to two 
unfilled shells configuration to facilitate the more realistic 
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analysis of neutron scattering data and the de'^'erm lation of 

the ground state of the type of magnetic ions as nentioned in 

the next section Ihe expressions for the scattering cross 

section hy a single shell are obtained as a paroicular case of 

two shells configuration \7hen one of the shells is comoletely 

filled or completely empty Also, the foimulae are simplified 

using the dipole approximation and the effect of the coupling 

of the two shells on the scattering is hrou^t out Ihe example 

of U'^'^ ion IS then worked out using the exact formulae and with 

the same ground state j 1=5 , S=1 , J=4j M=4>j arising out of two 

different configurations, ihe one-shell 5f^ and the two-shell 
1 1 

5f 6d This demonstrates clearly the difference between 
the two-shell and one— shell scattering* Pinally, this theory 
IS generalized to U-shells configuration 

1 2 EVIhECTCE gOR TWO SHhLLS GOHglGUBATlON 

We shall present here some of the examples of the magnetic 
salts having two shells configuration for which the present theor 
IS useful GdCl-j g was studied hy Mee and Corhett (1965) and in 
order to explain the observed magnetic moment they assigned to 
G-d ion in it, a mixture of 40 [Xe] 4f'^5d^ and 60 [Xe] 4f'^5d 
electronic configurations with one or the other exhibiting a spin 
only contribution from 5d electrons According to Hund’ s rule, 
the ground states of [Xej 4f'^5d'^ and [Xej 5f'^5d are 1 Ij- 2, S-4 
J=2, M=2> and |L=5, S=9/2, J=3/2, M=3/2> respectively for the 
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isolated ion, and |L=0, S=45 J=4> M=4> ^'3- 3=9/ 2, J=9/2yM=9y 

when d electrons give spin only contribution The otter lihel/ 
candidates in rare earth group aie la anc" Ge '■los'^ divalent ions 
should probably be fXe] 4f^5d'^ or close to this configuration 
Conductivity sho\n by their di-iodides (J/rgensen 1SG4) gives 
evidence for the presence of 5d electrons because 4f electrons) ^ 
being under strong nuclear attraction, cannot coid ct In acti- 
uiun group, the salts of uranium are most e’^ten^i/'ely studied 
by the neutron scattering technique and \ ork nas bce/i recently 
in progress lor salts of the othej. elements of this group 
Magnetic properties of some of the uranium salts indicate tne 
contribution of two unfilled shells (5x and 6d) lo ground state 
of uranium ions A T Pechennikov et al (1968) studied UIS 2 
and UTe, below 77°K in anti- ferromagnetic phase and concluded 
that both 5f and 6d electrons contribute to their magnetic pro- 
perties Picon and Plahaut (1958), assuming the valiaity of 
Gurie-Weiss law for the susceptibility, concluded that magnetic 
moments for US^j which exists in three distinct crystalline forms, 

' and UOS is due to 6d^ electrons Recently structural and magnetic 

properties of uranium sulphides and selenides \mre studied by 
Gr/nvold et, al (1968) The magnetic moment of in US 2 as 
determined by them is intermediate betv/een the values expected 
for 6d^ and 5f^ configurations assuming spin only magnetism for 
* the former and a very large spin orbit coupling compared to the 

ngand field effects for the latter Thus it is Dikely that 
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1 1 

magnetism of in tlaese salts may arise from 5f od electrons 
with considerali3 e ligand field effects A scattering calculation 
with the ground state |l=5) S=1 , 1=4? M=4> of Sf'^Sd'^ configuration 
obtained hy Hund' s rule is then a first step to^/^aras a realistic 
analysis of t^ e problem For conclusive determination of the 
ground state of in these salts, accurate neuti on scattering 
experimental data are necessary 

Little is known about the low temperature electronic 
configuration of transuranium ions Recently theie have been 
some attempts to determine the magnetic properties of these 
salts by neutron diffraction study (Green et al 1970, Cox and 
Frazer 1967) It is very likely that for some of these ions of 
actinium series both the 5f and 6d shells contribute to the ground 
state wave function 

1 5 OlIEORY FOR fWO SHELLS OONFIGURAIIOIT 

Let the configuration consist of n( = n^ + n^ ) electrons 
which are taken to belong to two single atomic snells of orbital 
angular momenta 1^ and I2 respectively Thus, the configu- 
ration IS (1^*^ , ^2^^ assumed that each electron 

in a shell has the same radial wavefunction The complete wave- 
Function for the system is 

lY > ~ I I-] V'^SjL^, Ig ^ ^ 


where v is the seniority number 
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To construct it, we first oet up the wave functions for the 
individual shells (Judd 1963) as 

n^ 


fl> 






n.-l 


2 (1^^ 3^1^17 1/V^S^I.^) 


n. 






X 1 >1 > 


( 1 ) 


and a similar expression for I representing the wave- 

functions for 1st and 2nd shell respectively v^ , 
denote the quantum numbers for (n^~1 ) electrons Other notations 
are self-explanatory 


The antisymmetric product \ ave function (Condon ana Shortley 
1953) for the two shells can oe written as 

n. n. 


\y y 
r ^2^ 


11 v^S^Mg^Ij^B![^^ , Ig VgSg 


n^' ng' 


(n^+ng) ' 


1/2 


n. 


X 2 


(-1)*! q|1^^ 


n. 




( 2 ) 


■v\h,ere Q exchanges electrons between |'^^> and I "^ 2 ^ ’ 

(-1)^ IS the parity of these exchanges (q being the number of 
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ezchaxLges) The final wavefunction can he ohtain'^i from ] ^ > 

and I 2^ Olehsch Gordon coefficients as 

follows 

n. n„ 

1 H> = jl^'v^S^l^, 1^^ SUQmj^> 


Z S <L,Mt LoMt iliM-rXS.Mq SJu 1 SBi^> Y -t o> 

,Mt n. 1 2 L 1 2 Sg s 12 

1 ^2 X ^2 


(3) 


It can he readily transformed to ['vSUM> hasis 


131 Matrix Element of Magnetic Interaction Operator 

As shown hy Johnston and Rimmer (1969) and more explicitly 
hy Lovesey and Rimmer (1969)} the magnetic interaction operator 
can he partitioned into two parts One gives rise to the neutron 
spin factor and the other to the crystal factor Further the 
crystal factor includes both nuclear scattering and electron 
scattering Clearly, all other terms of our calculation will he 
exactly the same as derived hy Johnston and Rimner (1969) except 
for the electron scattering pait So the problem is reduced to 
the evaluation of the following matrix element which essentially 
gives the electron scattering part (lovesey and Rimmer 1969), 

<n V S 1, J Ml |n v' S' 1' , J' H' > (4) 

Si 


where 



-S 


I- lE r^ 

e 


A 

k X 


(a,x £) 



( k X p^ ) 


( 5 ) 
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STjunmation of rims over all electrons of an ion /lixcli are 
active in the magnetic scatt coring k is the sc^ttciing vector, 

P,) spin, pocition and linear rpomcntum 

operators for j -th electron fhe n electrons operator 
can he imitten as sum of tv/o parts corresponding to the tv/o 


shells , 




n ^1 n 

= F= S f (r ) = 2 f (rj + 2 A (5.) 

1=1 ^ ^ 1=1 ^ ^ i=n^ +1 ^ ^ 

(6) 

Further , 

f(?) = f^rb ^spin 


where, 

_iE r 

«orb, 0^*^ )<!> 

(7) 


Wn (k X (i X k))^ 

(8) 


(7) and (8) arise due to the inteiaction of the spin magnetic 
moment of neutron with the magnetic field produced hy ihe 
orhital motion of the atomic electrons and their spin magnetic 
moments respectively (irammell 1953) 

The evaluation of matri.c element (4) requires straight- 
forward hut cumhersome algehra Hence only the results with a 
brief outline of the approach are given here Since H is sum 
of one particle operators, i,e (6) for cross matrix elements 
Of the form <1^^ lfCr)l Ig to occur 

in <'H'|P| y >, the exchanges Q and q' in ['<''> and |y’> 
must differ ( ] f > is obtained from j "t > by priming the quantum 
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nxmi'bers) If they differ ty one ejclian£,e, the abo/e mentioned 
matrix elements 1//1II have the follov/ing factor, 


<l^m 


h sm |f(r)llpm^ sm' > ^ <lomn sm jl.m-l sra' > (9) 

^ ^ “^2 ^2 "^1 


Por each additioiial difference of exchange in Q and Q’ , these 
matrii elements contain (9) multiplied -^/ith a pair 01 orthogona- 
lity integrals of one electron states belonging to different 
shells But (9) itself vanishes due to the ortho gonali+'y of 

one electron \/avefunctions Hence the cross matrix- elements 
n. _ n^ 

of the type <1^ v^S^Mg |f(r)ll2 ^ 

exist How, using (3) and (6) v/e obtain for y'>, 


Z-H 


\ 




n 


,ML Mr ,Ma 

ll^ 1j^ Ig bg 


1 


<Z |£(5)|iZ|S^M' 


B'Mj > 

I Jj ^ 


X 








2 ’^2 IL ,Mj no ,M' Mj ,Mo 

ig -^2 ^2 ^2 1 


+ 





X 6, 




( 10 ) 


The second term of (10) can be obtained from the 1st by the 
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interchaJige of ^indices 1 ana 2, and multj.plyinf with a phase 
factor 

L +L' + L+I> + + S' + 2S.+ S’ + S 

(“D ^ ^ 2 2 1 


which arises from the foir Clebsch Gordan coefficients To 
calculate the first term in (10) \ie substitute the explicit form 

I ^1 

of 1 1^ > anc jl^ vjjSJjxvI^ ^ according to (l) 


^ 

jC - •• ■' I 

M-r ,M. 






I 


,11 Mg jM* Mj jMg Mj lin m ,m’ m-, ,n4 0. 

■^1 ^1 ^1 ^1 ^2 ^2 ^1 ^1 ®1 ®1 ^1 ^1 ^ 




(0^ I ' 6p 


X <sm 


X <I 


f 


X <S^M 




X 6 




^2^^2 


(12) 


#iere 0 - vSL 

In order to obtain the matrix element in the |n0JM> basis we 
multiply (12) with <SMglM^jJM> and <S'M^L*M»^ j J»M' > and sum 
over Mg,M^, To simplify (12) we shall deal vath the 

orbital and spin part of f(r) separately 


1*3.2 Orbital Part 

The terms in which the matrix elements of the orbital 
part of f(r) (i e, , (7)) occur can be simplified by expanding (7) 
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in tensor form and using Racaii algetra (Edmond 1960) parallel 
to Lovesey and Rimmer (1969) Thus, vre get the follovz-ing 
expression for the orhital part of (12) in |n9JII> hasis, 

21 a]^(L",K’) 

SK' ' Q",Q’ 

vvhere, 


AJ^(L",K’)^— Y^^n(k)<K»Q'J»M’ |JII><K"Q" K' Q» |lq> (13) 

K", K' ' ni' ot y 




^ ^ S 2 , S ^ ^^ 2»^2 ^^ 2»^2 


l^+I^+S' +J' +K' 




1^’^'’(2K'+1)(2K''+1)’^/^ I 
X A(E’ jK’ )1^ ) ( 4.-^ ^-1 -1 ’^‘^3 -."I ^"1 i 


X. 


L’ I K' 


9 h3 


/ 1 K" K' 1 1 1 

V 0 0 0 / / K" K' E« 

^ J' K’ J [ 

S Itj 

I, I 13 K* 1 

n^ s (-1) ne^l] e^)(o^r( 0^) 


0 . 


x| Ij «<| 1> ■>! 


,(H) 


where , 


A(K’,KSI^) = (-1) 


1^-1 


(l,+1)(2l^+3) 


217+T 


■1 


1/2 


1^ Z’ 1^+1 


V 


0 0 0 


1. 


X 


1 1^+1 


( 15 ) 


K' 


'1 


Z’ 


^^Z»+1^11 

and, 


etc* are the radial integrals for the 1st shell, 


[ I ] = (21+1)^'^^ and so on. 
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Similar to a single shell case, /e get fron (14)? 


(K’-1,K») 


(K'+1,K') 


ll' +1 


K* 


1/2 


1 = 1,2 


(16) 


which IS a consequence of the fact that K” dependence of (14) 

IS the same as for the corresponding terra of one shell configu- 
ration 


1 . 3. 3 Spin Part 

The terra containing the matrix element of (8) in (12) 
can be simplified by a procedure similar to that given by 
lovesey and Rimmer (1969) We obtain for the spin part of (12), 

21! b]2(k",e:») f45c Y^Idc) |JM><K'*Q”rQ’ llq> (17) 

K" ,K' ' Q'SQ' ^ 


where . 


(K",K') = ( 


:_3 


X (2K+1)(2K” +1) 


1/2 


|l^" 0^2 (k'',^‘) - 2 1^ (-l)^’o]2(i,K.) 

SI f ' 

K K«t 2 ) /F" K 2\-i 


(10/3) 


1/2 


1 1 K'Jlo 0 0 /J 


(18) 


and. 


o]2 (k,k') = ti'iJpprsqrspM[i'’]rsj[s'][j'][K'jT?^ 


X 6 


Sp, '^2’^2 


, (- 1 ) 


K’ +S‘ tl» 4d'-J’ +L 2 +S 2 +I-J -S 


K L 1 ) ( 1 S S' 


xCeii2ii.3&pi/iiq]r^ ^ 


u 


i 

1 

i 

S' 



1 

1 1 

I' 

_ ( 

i 


J' 

K’J 

1 

X < 

i 

1 

Si 1 

i 

1 ® 

Si 

s / 

v/here 

f 




= 

1 



®1 


e^)(e^i| ep 


L! 


1. 


K 

I 


"i ; 

, ( 

i -^1 


, 1/2 


(19) 


and, 


Cllll/l|ll I = (-1) ' (2ll+1) (^) 


1. 


2K+1 


1/2 


j K li 

0 0 0 


Since (18) is similar to that lor a single shell configuration, 
it immediately follows that (Lovesey and Rimmcr, 1969)? 

1/2 




(K» +1 , V) 


( 20 ) 


K’ 


Bo integrals of the type <0g;>'|2 coupling the radial part of 
wavefunction of different shell.^ occur due to '*"he ahsence of 
cross matrix elements of the form <1^ 

VoSoMc, lo^T > i.e.j between the different shells in (10) 

C. CL ^ 

Prom (10), (12), (13) and (1?) we obtain tbe following 
expression for the matrix element (4-) , 
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<neJM|D^'‘"^ |ne’J‘M' > 


il 

k",e:' 


I a]^(K",K' )+b]^(K",K’ )+A2^(K'' ,K' ,K' )j 





TTf! 

YQ„(k)<K' Q«J'M' |JM><K''Q'’E' O'] 1 q> 


(21) 


where A2^(K" ,K’ ) and B2^(K" ,K' ) are obtained from (14) and 
(18) By the interchange of indices 1 and 2, and multiplying 
by the phase factor (11) 


*4 A SIB&IE SHEBB OOBBIBURAIIOH 

Ilhis configuration (1^) is a special case of two unfilled 

n. Up 

shells configuration (1^ ,12) for n2 = 0, n^ = n 
Thus, 

L2 = 0, S2 = 0, 1 = S = S^, L’ = 1», S' = S’, 

J = and J’ = JJj (22) 

wtiere the index 1 denotes the quantum number of the 1st unfilled 
shell Also we have the equality (Edmond I960), 

'2 33} , ( 23 ) 

j_° 33 32 J 

Using (22) and (23) m (21), it can be easily chec'' ed that single 
unfilled shell expressions derived by Johnston (1966) and Johnston 
and Rimmer (1969) are obtained as a special case of tv/o unfilled 
shells configuration. 
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1 5 DIPOIiE APPROXIMATION 

Por many neutron scattering experiments, it is sufficient 
to retain in (21) tlie terms corresponding to K* =1, K” = 0,2 
This IS ca lied dipole approximation ana is adeq_uate for small 
values of Ik] such that <Dq> is greater than <D 2 ^ 


151 hipole Approximation for an Isolated Ion 

The initial and final states of the target are | A> and 
I X’> which are obtained by transforming (3) to |JM> basis 
IThus, 

n. n, n. n^ 

1X> = |i^ ‘ e^, ig^ e^, 0JM>, 1 x‘> = |i^ e^, ig 02’ > 


and 






1 


— , ■ M,M‘ 2J+1 

A ^ ^ 

being the probability of occurrence of state 


> > 


Pollowing the steps of Lovesey and himmer (1969) and 
using (21), it can be easily seen that the required cross section 
for the unpolarised neutrons is 

= 71 ( a]^(K",K>) + b'^.^ (K",K’) +A^2^(K’',K« ) 

K'',Z’ -ri I 

+ bJ,^(K",K' )} 


(24) 
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where , 

D' = ( 


Ve2 


m c 
e 


) = -0 54 X 10 


-12 -1 


cm 


, (9 = -1 91) (25) 


hoy/, retaining terns for ji' = 1, K« = 0,2 in (24) jid using 
(16) and ( 20 ) , 

d(r 


= I (0,1; + (0,1) + 


j 

(26) 


We eraluate a] ^ (0,1) from (14) 


a] ^(0,1) 


(<, > +<■!>.) 



X 


L^(L^+1)+I(I+1)~I2(I2+1) 


(27) 


1(L+1 ) 

A 2 ^( 0 , 1 ) can he obtained from (27) by interchanging the index 1 
of the first shell and index 2 of the second shell (the phase 
factor (11) being unity) 

We get from ( 1 9 ) , 

(S^+1 )+S(S+1 )-S2(S2+1 ) 


o]^ ( 0 , 1 ) = - ^ 


1 


X 


S( S+1 ) 

J(J+1 )+S(S+1 )--l(h+1 ) 
J(J+1 )^/^ 


<3o>11 


( 28 ) 


^ 2 ^ (0,1) IS obtained from (28) by the same recipe as given 


for A 2 ^( 0 , 1 ) 
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To evaluate (0,1), (i = 1,2) from (18) re neglect uhe 
terms containing <D2^ii This leads to 15-20 error in 

the coefficients of *^3 2^11 (Section 1 6); ffhich, 

together with the fact that <D 2 ^ small compaied to ''Dq>, 
justifies the present approximation 


( 0 , 1 ) - I 0^2 ^ 1 = 1,2 

Now, from (26), (27), (28) and (29), we get, 


(29) 


= x)i2J(J+l) „2 ^2/ 


g P (k) 


where, 


and, 


2J(J+1) 


BCk) = F^(k) + B2(k), 


B^(k) “ <0o>-i 


(30) 


(31) 


(32) 


{ [^l-I ' +Il-J-[I'2] '] -c[[jJ ’ +[I] ' -[Si '] 

zM'i 3[J]'+[sJ'-£i]'j 
{[s^T+tsl'-EssI'i^^m'+rsl'-Ml 
2lsJ'{ 3[j|'+CS]'-[ll'j 

(hT + w -[^ 2 ] '] 4 PI ti] ' -rd*'} 

2[lJ' f 3rj_-|'+fsT-fl.]'j 


. (33) 


where ' = [l] ^ = 21 + 1 


k 
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^ 2 ( 1 ^) IS obtained from P^(lc) by interchanging the shell indices 1 
and 2 In the limit |k| - 0, <Dq> 3 _^ U ^^ 2^11 ^ = 1j2 

So F(k) -*■ 1 Thus, although the scattering cross section for 
two shells can be put in the same fomn as for a single shell, 
the form factor has completely changed It is interesting to 
note that in a special case for which = S 2 and ~ 
reduces to, 


P(k) = 


0^11 


o'22 


2^1 1 


2^22 


X 


J(J+1 )+h(I+1)-S(S+1) 


3J(J+1)+S(S+1) -1(1+1) 
which is same as for a single shell with its radial integrals 
replaced by their average value over the two shells 


(H) 


1,5*2 Dipole Approximation for General Gase 

Ihe results given by (21) are simplified in dipole 
approximation as follows Substituting the explicit form of 
the wavefunction obtained by transforming (3) to jJM> basis, 
we get after Racah algebraic simplification, 


<1^"^ 9^, 02 j eJM|(L^)g^il^^ e^, l2^ ©2’ 

x|^L^(l^+l) + l(L+1) - O 


X (-1) 


J-M 


J 1 J 
-M q. M’ 


.. (35) 


I ' 
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Hence, by Wigner-Eckart theorem. 


r n. np - n. n 

I ' 0^ , Ggf eJl |L^ j ll^ ‘ 0^ , Ig 02> 0J 


_ 1 r 2J+1 1''/^ 

~ 4 i jljTiTJ 


L(l+1 ) 


+ L(L+1 ) - 

So, from (27), 

a]_^ ( 0, 1) 

= _ 1 X L— «J„> + <3 > ) 

^ (2J+1)^4^ 

X I e^, e^, 0Jl|i^||i/ 0^, ± 2 ^ ©2* 


(36) 


0J , 1 = 1 ,2 (57) 


Similar to the orbital part, we obtain the following for the 


spin part, 

<1^'' 0^, Ig^ ©2, 0JM|(S^)g^jl^'' 0^, Ig^ ©2, 0JM'> 

= ”i( 2Jt1 ] J(J+1) + S(S+1) - L(L+1) 

L 4 J(J+1 ) ' S(S+1) 

X |^S^(S^+l)+S(S+1)-S2(S2+l)j ] x(-l)'^"^ 

By Wigner Eckart theorem, 

^ n. np _ n. n 

^ ^1 ^ ^2 ®2’ I I ^"l I I > ^2 ^ 

1 r 2 J +1 ) j(j+i)+s(s+i)-i-(ii+i) 

4[j(J+1)J S(S+1) 

x|^S-,(S^+1) + S(St1) - 82(82+1)^ 


J 1 J 

-M q_ M» 


(38) 


( 39 ) 
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and from ( 28 ) , 

0^2 (0, 1) 

= - -■ wg- <3o>ll| ®1’ ’•2^ ®2’ l®il ®1’ ^2^ ®2 ®'’'_ 

1 = 1,2 ( 40 ) 

Prom ( 29 ) , 

(0- - 1 - :- : -- : i7 r- <=o>x. 


2 

1 

” 5 

(2J+1 )' 

t - n . : 

X 

0 -] » 1 


0 11 


Now, it can Tdc easily shown that, 

(0, 1) < 1 = “ (<3o>xl + <32^1^ 

X <1^^ 0-j > ^2 ^2* ®1’ ^2 ®2’ ^ (42) 

and, 


iti n ^4 ^2 

(0, 1) <0o>ii <^1^ ®i» ®2’ eJMl(\)Q'lii ®1»^2 ep,eJM'> 


2 

02,^ 

(43) 


Assuming that Q’ =0 component gives the dominant contrihubion 

to < ^ j X' >, we get from (21), 

Q. 

<>' I ^ <>“ I ^ > 

Q M. 


l-m 


2 r 

M 2 (<D 

1=1 L 


xii °( k)<ooioi 10 > 6 ^^ ^ 


0^11 ^ 2I ^ ^ 

Y^(k)<2q10| 1a>J (44) 


t 


using the explicit values of spherical hamonics and Glehsch 
Gordan coefficients occurring ir (44) > we obtain, 
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< A> 


1 


2 Sin 0 < X. I S {<3o>il " 
1=1 


+ 2<3o>ii 4 


(45) 


0 IS the angle between k and the direction of quantization z 
Thus the cross section for the scattering of unpolarised neutrons, 
evaluated in the dipole approximation is 


dcr 

dA 


(|-)2 s P,,l< XI S [(<Do\:, + <3 2 >iP4 

+ S^] I X> '2 


(46) 


where (, ♦) indicate the component perpendicular to k of the 
vector operator in the parenthesis The crystal structure 
factor in ( 46 ) is omitted* Thus the interaction operator for 
the crystal in the dipole approximation can be replaced by 

5^-^^ = k X X k (4-7) 


where , 

5 ( 1 *) = - “ 2 e ^ R‘'3 o^ii ^^ 2 ^ 11 ^ ^i,nd 

2 n,d 1=1^ 

+ 2<0o>xit,nal 

which IS the sum of operators for the two shells - n + d 

IS the position of the nucleus at the d-th site within the unit 
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cell defined by the lattice vector n, a-nd are 

total orbital and spin angular momenta of i-th shell for the 
ion at 

155 Effect of Coupling of fwo Shells on Scatbering 

"" ’ ~ . »i i iwi i rri n t, , II , ,, „ 

n. 

TOien the two shells with ground state 1 1. 0. and 

Ug 'Till 

llg 02J2®^2^ uncoupled, the system is specified v/ith the 

wavefunction, 




-n. ' n 2 ! - 1 1/2 n. n„ 

L (n'-j /-np) L q 1^2 ®?'^ 2 ^ 2 ^ 


which IS similar to (2) 

how, it IS easily seen that, 


<Xl2l dU) 


^12^ 


<i"i dW I 

+ <l/ egJgM^I e2J2‘'l2> (50) 


#iere, 


1 

2 f, (rj and 
1=1 ^ ^ 2,q 


i=n.+1 ^ ^ 


are the interaction operators for the electrons of 1st and 2nd 
shells respectively Eor both the terms in (50), the results 
of lovesey and Rimmer (1969) can be used Thus we get in the 
dipole approximation, 




>|2 

q I '^12 


Sine K <^J[(<0 o>iW<3 2>iP b 




) I >■, > I 


.(51) 


V 
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where , 


n. 


, X^> = and I X 2 > = 

so i±Le interaction operator is seen to te, 


^2 

^2 ^ 2 *^ 2 ^^^ 2 ^ 


1 2 g I- (k) 2 e 

1=1 ^ ^ n,d 


lE 


\d 


J 


i,nd 


with, 


= 1 + 


J^CJ^+D + S^(s^+1) - 




(52) 


(53) 


and, 

J,(J +1)-S (S +1)+L (L +1) 
<3o>ii + <3 2>ii 5 J^(J^+ 1 )+S^(S^+ 1 )-LJ 13 _+ 1 ) 

If the two shells are coupled, it can he shown from (55), 
and (45) that, 


(54) 

(58) 


5 ( 1 ^) = - I ^(k) E C55) 

nd 

where g and P(k) are given hy (51) and (52) respectively 

A comparison of (52) and (55) and ec^n (i6^^ of Lovesey 
and Rimmer (1969) reveals that, when the two shells are coupled 
and the ion is characterised hy total angular momentum J, the 
scattering cross-section can he put in a form identical to a single 
shell case Ihe difference occurs in the form factor But for 
the uncoupled shells the structure of the scattering cross section 
is q.uite different from that for a single shell as the scattering 


r 


/ 
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lengths of the two ^ells are added up 
1 6 BXAJygLE 01 URMITJM lOh, 

This example is worked out to consolidate the understanding 
of the structure and the physical implications of the expressions 
derived We shall ■*'ake the neutron polarization P parallel to z 

A rz^ 

and k perpendicular to z, similsr to the case of dealt by 

Iiovesey and Rimmer (1969) and Steinsvoll et al (196?) Ihen 
we require only the matrix element < X- > for the electron 

scattering part, | X> being the ground state of the ion Nov/, 

taking I >-> = l5f''6d^ 1 = 5, S = 1 , J = 4, M = 4> for we 

calculated (21) for q = 0 The results are given in the Table 1 
It is seen from the intermediate steps in the process of calcula- 
tion that the ratio of the coefficient of <D2^ii ^ (O, 1) 

to that in (O, 1) is 15/81 for i = 1 (5f shell) and 15/65 
for 1 = 2 (6d shell) 

To Illustrate the effect of two shells on scattering as 
compared to single shell* the same calculation is done v/ith ground 
state l5f^, 1=5* S=1,J=4jM=4> The results are listed 
in Table 2 It is evident that even vdien the ground terms are 
identical the cross-section of the two shell case is very 
different from that of the one shell case for all finite values 
of |k|, the coefficients are different, and also extra terms 

of the kinds <Dq>22 ^^1*^22 ^^1^11 ^'^l' ^22 ^ ~ 6 )j2,4»6) 

appear However, for IE] -*• 0, <Do^ii ^ ^^l^ii 


0 , 
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(1 = 2)A,6, 11 = 11, 22) and the cross-sections tend to be 
identical The important thing to notice is that as |lcl slowly 
increases from zero, the difference in the cross-sections is 
mainly due to the inequality of the radial integrals of the 
two shells 


To compare the results of the pxesent tensor foimalism 
with those of the HJT method, ve recall that the Trammell 
operator for the scattering of neutrons by electrons is, 

-f 


(apart from a constant factor) v/here, 

si) 

ik.r 


5 - k (5.k), 


D 


= - 2 e 

D 


^ i. 


“fhCk r. ) I +1 b(k rj] 


4 L 


d 


3 3 


'3'j 


(56) 

(57) 


and 


h(LT^) 



d 

Hr 


( 


e'^-l 


X 


x=iE*r 

3 


Olearly, 5 is arbitrary by ak , -vdiere a is a constant 
in the present case, i»e,, for k z and P | ] z , 


(58) 

But 




PD 


kB 2 

z 

M M 


where is the z component of (57) without any arbitrariness 

A calculation is carried out with for |5f 6d , B=5 , S=1 , 
j=:4, M=4>, By expanding this state in terms of one particle 
wavefunctions and using the method of Oondon and Shortley (ibid) 


/ 
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and remembering k X z, it can be shown that, 

<X| |X> = <X| W-J-) ] |X> 

l_h J q=o 

= - 1 03989 <Do>-i-i "■ ° "^^0^22 

- 1 58812 <d2>i^ - 1 16974 <d^>22 

+ 0 28752 + 0 15265 <D^>22 

- 0 0 3 200 ( 59 ) 

Ihe same results are obtained from Table 1 on substituting the 
values of spherical harmonics for k jL z This shov/s that the 
two approaches yield identical results for cases ith conditions 
similar to the present one 

1 7 IT-SHEIL COFPiaURiTIO]! 

The generalization of the treatment for the two shells 

configuration to ¥ shells configuration is tedious, althou^ 

straightforward The configuration comprises n(=n. + +• •%) 

^1 ^2 % 

electrons which are distributed among IT shells as (1^ , Ig , ,1^^ ) 

The wavefunction for the configuration is coiistructed by the 
successive coupling of IT individual shells wavefunctions each of 
which is similar to (1), and the procedure analogous to (2) were 
used to ensure the antisymmetry of the final wavefunction for 
the exchange of any two electrons ¥e shall denote by ^ jj’ 
and 2 n' orbital and spin quantum numbers for the coupled 

wavefunction for H' shells where the arrangement ox suffixes 
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29 
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represents the order in \^ich shells are combined It should 
be noted that any other mode of coupling can be obtained from 
it simply by interchanging the corresponding indices Also, 
and Sj^t are the quantum numbers for the h’ th shell and no suffix 
IS used for the quantum niimbers of complete v/avefunction So the 
configuration ground state \;avefunction is denoted by |n'vSMgLMj^> 
or lnvSUM> omitting the intermediate and individual shells quantum 
numbers to avoid complicated notation 


Analogous to (6) we have. 


'Ll 2 

I* - S f,(r ) + ^ ) + 

1=1 i=n^ +1 


i=n^ + +31, +1 

. ( 60 ) 


Uow, 

<n0JM|l’ln0‘J'M» > 

= <n0JM|l’Q^^Jn0’JfM' > + <n0JM|Fgp^^ln0' > 

F 

=p 2 2 (a"^^***^(E7',E' ) + ^(E:",h')) S 

IL" ,K' 1=1 ^ ^ Q'',Q' 

X YqiICIc) <K<Q‘J»M' |JM><r'Q"K«Q' |lq> (61) 


[Ehe superscripts 12 N over A and B denote the shells as well as 
their mode of coupling in the ground state wave function Subs- 

cript 1 indicates the shell whose wavefunction occur in the 
matrix elements of f(r) in that term These notations are the 
generalization of that used in (21). 


i 


J 


3'’ 


(k",e:’) = (21. +1)^ [LiriiO&’l ^ ^S,S' 


X 


K' +S’ +J ’ +Ii. +I j 3| +1. TTt +1 , V/ ,, .\l/2 

(„1) 111 +1 (2K‘+1)(2i"+1) 

A(K’ ,Iv' ,1^) 


1 E ' K » 
0 0 0 



1 1 1 

K " L ' K ' 

C J' K’ J 


X 


ir »=2 
r Cl *- 


N r 

TI 1 (- 1 ) 

t=2 L 


I S 1 

^12 . 1 T *"1 ^12 N'-l 1^1 


12 IV 


- l 1 


, ^'l2 IT' ^12 I'T’ / 

^ ^12 N *-.1 ^^2 1 T *-1 ^- T*j 


X 6 


^12% N*~1* ^^2 1T'~1 *^*1T» ^'iT' ^’’^'n* ’^IT' N' 

X. - ( IJ K' 1^ 


X 2 (- 1 ) ^ ( 0 ^ 1 ] e ^)( e ^ l } 0 p j ^ 


01 


1 ^ ^1 


bIj ^ ^ (K" }K' ) is given ly (18) v/ith 0^ replaced "by 0^ 

wliere , 


(62) 
12 N 


( IC '. K ') 

= [ Ll [ l .' J [ S ] rS ' JlJ ' ljK'-l 


K* -S+l+J -J * +1^ +s 


X Csllz^llslClill^^ 11^1 3 ] ^ 


S s' 1 


J J' 

+s* 


K ’ 


1 +Ij,, +Sj,, +S^ 2 ..11'+®' 12.. r+^12 • -I" 




K ^11 


+11 


(-1) 


N 

X It 

IT' =2 
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Ik 2 Ift I-] 2 
[_ ^12 N »-1 ^12 

"" ‘Sjj,,S'j,, \, .L'j,, 


iT’-1 


!] L S-] 2 



Iji-i 1L^\2 
^1 2 J' 

^12 ii'-1 


I'-l 3 



~L. -S. 

X n. S (-1 ) ' ' (e U 

A^2. ^12 N 

^ (K’‘,K» ) and 

changing the quantum nxmibers of 1st shell by that of the 2nd 
shell and multiplying it with the phase factor given by (11) 

To obtain A^^ ^ (K",K>) and sjf ^ for N‘> 2 we 

note that wavefunction for all the (N'--1) shells which are coupled 
together before including the d^h shells can formally be treated 
as a single shell wavefunction and, thus, the ground state wave- 
function for the configuration bears formal similarity with 
(N-(rr* -1 )+1 ) 1 e», (N-]l’+2) shells configuration wavefunction 
Again, we can take N’th shell wavefunction for the 1st shell and 
(N’-1) shells coupled wavefunction in the place of the 2nd shell 
(Che only difference is that the former depends on the intermediate 


ep(e, IJ ep 


s| 1 


^1 



(63) 

(K” ,E’ ) can be obtained from 
(J",K') respectively by inter- 


/ 
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1 P TI 

and tlie individual shell quantum numbers as v?ell Hence 
(K",K') and ) cen be obtained from 

and ^ (K" ,K' ) by the follo\/ing recipe, (a) replace 

the quantum numbers of 1 st and 2nd shell by that of 1 ’ th shell 
and coupled quantum numbers of (h*-1) shells respectively 
(b) Multiply with additional Krone cker delta functions which 
occur due to the orthogonality relation of the coupled \/avefunction 
for (N’~1) shells, this is because the wavefunction depends on 
the intermediate and individual shell quantum numbers also, 
unlike the 2nd shell wavefunction 

Due to (a) of this recipe the original order of coupling 
of (N'-1) shells wavefunction to N’th shell is reversed So the 
correspajnding Glebsch Q-ordan coefficients are chant^ed r/hich is 
not required However, their value can be restored by multiplying 
with a phase factor similar to (11 ) 

1.8 OOHCBUSIOHS 

Usually a single atomic shell of the ion is consiaered for 
the interpretation of the elastic scattering of neutrons by magne- 
tic salts But it will be more realistic to consider two shells 
configuration for quite a few magnetic salts Bor more than two 
unfilled shells configuration the wavefunction of the system 
depends in general not only on the individual ^ells quantum 
numbers but also on the intermediate quantum numbers that occur 
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in the process of coupling This complicates tlie determination 
of ground state itself and so the interpretation of the neutron 
scattering data will he more difficult How'^everj the configura- 
tions Wi.'t'h more than two shells seem to he less important in 
magnetic salts 
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CHAPTER - II 


EJT CAICULATIOIS POR Co'^'^ AITD Pe'^'^ IN OHEIR MOIOXIPES 
2 1 IHTRODUGTIOH 

Spherical magnetic form factor of a transition metal 

ion IS a measure of the charge density distribution of the 

unpaired electrons of the unfilled 5d- shell and as siich is of 

great importance in the study of physical properties of these 

-1 

ions Halpem and Johnson , in their theory of scattering of 
neutrons by these ions# derived an expression for the magnetic 

p 

foim factor Weiss and Preeman calculated the effects of the 
nonspherical charge distribution of the 3d-electrons in various 
crystalline fields and thus made it possible to isolate the 
spherically symmetric form factor The assumption in both the 
cases has been that the orbital magnetic moment is completely 
quenched by the crystalline field and its associated magnetic 
moment does not contribute to neutron scattering 

However, an examination of the g-f actor of the transi- 
tion metal ions in different salts shows that tbe^e may be 

“ I* -j"' 

sizeable residual orbital moments present-^ In Go and Pe 
this would be expected since the orbital degeneracy of the 
ground state is not completely lifted by the cubic crystalline 
field^ In the degeneracy is completely lifted, but the 

spin-orbit coupling causes the admixture of a hi^ier state in 
the ground state, giving rise to an orbital moment 



37 


++ 

Recently the spherically symmetric form factor of Oo 
in antiferromagnetic Cohaltous Oxide was determined experi- 
mentally hy Khan and Erickson^ Ihey found out ohat the form 
factor IS eypanded hy 15-17 % compared to that calculated for 
the * spin-only' case following Halpern and Johnson The present 
work IS undertaken to determine the effect of orbital contri- 
bution to this expansion Since the case of Ee"'"'' is similar, 
this was also studied thou^ no suitable experimental data are 
available as yet for comparison 

Scattering by orbital moments has been considered 

previously by Irammell^ and in an elaboration of nis ^/ork by 

Odiot and Saint-James'^ lEhev were ooncerned \/ith rare earth 

ions, in which the orbital moments were completely unquenched 

and the effects of the crystalline fields are secondary The 

transition metal ion worked out in the framework of Trammell’ s 

theory xs Nx xn azitxferromagnetxc HxO Thxs v/aG done hy 

Blume®, who accounted for 4- % °/o expansion of the 

experimental curve of Alperin^ relative to the ’spin-only’ case 

as due to orbital effect The case of IfiO is simpler compared 

to that of OoO because of the non-degeneracy of the ground state 

and the uniaxiality of the spin structure in the antiferromagnetic 

6 

state (li’ s mode A) In the present work Trammell’s expression 
for the orbital contribution to the neutron-ion interaction is 
used The ground states of Oo"^"^ and in their monoxides 


I 
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"below the Ne’ el temperature as determined by lianaijori^ have also 
been useful 

2 2 SPIh SIRUCIUBES OF OoO MU leO 

Calculation of theoretical magnetic form factor req_uires 

a knowledge of the spin structure in the crystal The magnetic 

unit cell of OoO and feO in antiferromagnetic state, i e , below 

the he’ el temperature, is eight times the cry s b alio graphic unit 

cell and contains 32 magnetic ions The magnetic structure 

(spin structure) of these crystals is such th^r each spin has 

”1 *1 

antiparallel partners at vector distances (0,0,'^), (0,-“,0), 

(~,0,0), parallel partners at If 

we call such an antiferromagnetio set of spins a submotive, the 

32 spins in a magnetic unit cell form four submotives* Thus the 

spin structure can be described fully by giving the orientation 

of four spins each belonging to a different sub lotive At present 

the most accepted model of the spin arrangement of OoO is van 

10 11 

laar multispin model * as given in Table 1 and Figure 1 

Spin structure of FeO is collinear as given by Li's model 
(Figure 2) which is characterised by the fact that crystallo- 
graphically imique (111) planes are ferromagnetic sheets and 
alternate (111) planes have parallel and antiparallel arrangement 
of their spins 
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MLE 1 



van 

Laar Multispin Model for 

GoO 

Origin of 
the submotive 

Direction 

Cosines 

of spins 

1 

0 0 0 

~0 325 

-0 325 

to 888 

2 

1 1 
f 0 ~ 

4 4 

to 325 

~0 325 

-0 888 

3 

ill 

4 4 4 

to 325 

to 325 

to, 888 

4 

4 4 

-0 325 

to 325 

-0 888 

TfTE 

SOAITERIUG 

GROSS-SECTION 




©le differential cross section for the elastic magnetic 
scattering of unpolarised neutrons into solid angle dri is^ 

U- = ( ^ )^ z p I E exp(lK S)<<1' I%l4>l2 (1) 

■where lq> and |q*> are the initial and final soates of the 
crystal assumed to have the same energy, K = Ic - k’ is the 
difference between the initial and final wave vectors, k k 
and respectively of neutron and p is the probability 

that the state lq> is occupied, n is the lattice vector 
and = -1 91 is the gyroraagnetic ratio of neutron 3^ 
represents the interaction of neutron v/ith the electrons of 
the ion at site n, and is given by 
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TABLE 1 

van Laar Multi spin Model for GoO 


Origin of 
the submotive 

Direction 

Cosines 

of spins 

1 

0 0 0 

-0 325 

-0 

325 

-K) 

888 

2 

1 1 

1 0 1 

^ 4 

+0 325 

-0 

325 

-0 

888 

3 

i 2 i 

4 4 4 

-K) 325 

+0 

325 

40 

CO 

GO 

CO 

4 

0 II 

+ 4 

-0 325 

HK) 

325 

~o 

888 

ms 

. SCATTERING 

GROSS-SEOTION 






The differential cross section for the elastic magnetic 
scattering of unpolarised neutrons into solid angle d ^ is"* 

s p I E exp(lS 2)<q' |5 hI<1>I^ (D 

T/diere lq> and lq’> are the initial and final spates of the 

Ml ^ 

crystal assumed to have the same energy, K = k - L' is the 
difference Between the initial and final wave vectors, k k 
and respectively of neutron and p is the prohability 

that the state jq> is occupied, n is the lattice vector 
and h = ”1 91 is the gyromagnetic ratio of neutron T^ 
represents the interaction of neutron v/ith the electrons of 
the ion at site n, and is given by 
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Pigure 1 

Multispin-axis structure of OoO Tlie + and - signs 

designate the up ana down directions into the paper 

of the 3 componeiits of the spins The arrows lepre- 

sent the projection of the spins on the ah plane 

The layers 3 = — and z = ^ can he constructed hy 

reversing the spin directions in the layers z = 0 
-] 

and z = ^ j respectively 



Figure 1 

Multi spin-axis structure of C!o0 Tlie + and - sicpis 
designate the up ana down directa.on3 into the paper 
of the a components of the spins Ihe arrows lepre- 
sent the projection of the spins on the ab plane 
The layers ^ ~ 2 ^ ~ 4 construcred by 

reversing the spin directions in the layers a = 0 
and z = ■“ 
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respectively 



Circles with, a + 
spin up Circle 
spin down 


Pigure 2 

sign represent the I'e ion v/ith 
with a - sign represent that with 



^ iK r ^ ^ ^ iK r - ^ 

Trt = 2 e ^ K X (S X K) - 2 e ^(K < pj 

D ^ m; D ^ 


( 2 a) 


v^ere s and p are spin and linear momentim ox 3 electronj 
J J 

IS the position ot the electron relative to the lattice 

^ A 

point n, K IS the iinit vector in the direction of % and the 
summation is over all electrons of the ion at the lattice site 
ii It was shown hy Trammell^ that 


K X Q- ^ K 


(2h) 


where 


iK r. 




Equation (3) is exact for elastic scattering and holds to a 
good approximation for inelastic scattering as well. 


KkJj) = 2 = 


iK r^ 


1 is the orbital angular momentum of the o electron of the 
D 

ion It should he noted that 


Limit 


f(K r ) - 1 

tJ 


Clearly, ^ is arhitr'^ry hy aK, where a is a 
constant"^ ^ The separation of the scattering crOu^s section 
into form factor and structure factor is highly dependent on 
the choice of . Ihe most convenient and physically important 
choice of IS ( 3 ), f.e r a ~ 0 
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2 4 DERIVATION OF gOBM MOTOR 
2 4.1 For Go in GoO 

The derivation of the form factor requires a ‘'mov ledge 
of the ground state wavefimction of the magnetic ions in the 
crystal Kanamori^ determined the ground state of Co in GoO 
He assumed the Ii’ s model A for the spin structure and solved 
self consistently for the lowest energy state of tne Hamiltonian 

Hq = -2J^2^ <S> Sg + >’ 1 S (6) 

in triply degenerate ground state under the cuhic crystalline 
field, 1 IS the pseudo-angular momentum in the crystalline 
field and S is the spin of the ground state of Go is 

the memher of next nearest neighhours as nearest nei^hours’ 
effect cancels out in the exchange term by virtue of equal 
number of them being parallel and antiparallel, Z axis is the 
four fold symmetry axis of the crystal which was also shown to 
be the spin direction Thus, Kanamori’s ground state for Go is 

I'fco’^'*' = 0 8751 I , -1> - 0 446 j i , 0 > + 0 188| - i , 1 > ( 7 ) 

where the notation |M , M-, > is used to specify the wavefunctions 

S - 1 - 

on the ri^t hand side ( 3=3/ 2,1 = 1 is implied) 

But, in view of the fact that van Laar model has replaced 
the Di's model A for the spin structure of GoO, we should check 
the validity of (7) We note that in van Daar‘ s model the relative 
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arrangement of lext nearest neigiitours is the same as in Ii* s 

model A, so the exchange term is unchanged provided the z axis, 

i*e*, the axis of quantization, is tahen along the spin direction 

of the suhmotive Also >-*13 heing isotropic^, the 

Hamiltonian (6) is unaltered Hence, it follows that (7) can 

+’ 1 * 

represent the ground state of the Go ions belonging to any 
suhmotive, with the axis of quantization along the spin airection 
of that ion But (6) is not the complete Hamiltonian, as it 
neglects the interactions responsible for the relative orienta- 
tion of suhmotives Such interaction as calculat'^d hy Kanamori 
for lii's model A is - 01^ , (0-:;100 cm’'b arising from the 
magnetostriction The ground state wavefunction (7) cnanged 
due to this additional interaction as follows 

I ++> = 0 900] I , -1> - 0 401 I ~ , 0> + 0 1691“ “ , (8) 

Co 

The notations are the same as used in (7) I'b is shown in 

section 2 4 that the form factor is insensitive to this cliange 

2 

in the ground state wavefunotion, hence the neglect of -Clg 
in (6) IS justified as far as the calculation of the form factor 
is concerned Recently it is indicated hy Bertaut'^'^ from symmetry 
considerations that, to some extent, Bzialoshinslci-Moriya 
interaction,'' 5 D (S^ x Sg) is responsible for uhe orientation 
of the submotives in van Baar model But this interaction is 
expected to be only a few per cent of the isotropic exchange 


45 


interaction, while it may be effective in relative orientation 

of the submotive directions, one expects li'^tle ch-^nge in the 

ionic wavefunctions ercept, of course, the axis of quantization 

'f*+ 

The calculation of the ground state v/avefunctions of Go in 

OoO, tailing into account all plausible intoractiono \diich gave 

rise to van laar model is a problem in itself, But, in view 

of the above arguments it is certain that the ground state of 

the Hamiltonian (6), i,e , 1 , ,> is accurate to a good 

Co 

approximation for the calculafcion of the spherical form factor 

So we shall use j'^j^ in the present work 

Co 

The pseudo-angular momentum eigen functions in (7) can 
be transformed to and T state functions oi Co , 


1 1 ++' 
Oo 


l'^?> + plt'> 


(9) 


where 


p - 0 185 


l^P> = 0.875([^§ j ^ iMg = 3/2 , M-j^ 


- 0.446 I Mo = 1/2 , , = 0 > 


= -1> t 


r K ” 1 V2 


L8 J 


Mg - 3/2, 


= 3» 


+ 0 188 ( 






Mt = 1> + 


1 

= - I , Bl,= 


and 


5 >) 
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1 "b > = 0 875 I Mg = 3/2 , }l^ = -1 > 

-0 446 I Mg = 1/2 , = 0 > 

■K3.188 I Mg = -1/2 , M-^ = 1 > 

The notations used above are the same as in the reference 17 

If lY , 1 e., (7) IS IP the crystal fired co-ordinate 

Co 

system whose z ans is along the four fold syiimetry aces of 
OoO, the wavefunction of i ion is given by, 




IT 


Co 




( 10 ) 


vdiere 61^ is the rotation operator which corresponds to the 
rotation of the crystal z axis to coincide it vath tne direction 
of the magnetic moment of the i ion 


To simplify (1) for the case of Co"*”*" in CoO v;e \n?ite, 

r = a + r' , v\/here a^ is the position of the nucleus of 
3 3 3’ 3 

"ij?! 

3 magnetic ion in the magnetic unit cell and r' is the 

J 

co-ordinate of 3 ' election of 3 th atom with origin at a^ 
Since we are concerned with the elastic scatteri^Tg, ue have 
in (1), 1 q.> = ! q’ > j P_ = 1 , so Z p drops out YIe assume 
that jq> , the wa^efimction of the magnetic unit cell can be 
written as a product of state vectors referiing to tne indi- 
vidual lon-^ (Heitler London approximation), i,e , 


1 q> - 1 q^ > I q 2 ^ — - - | qj 2 ^ 


( 11 ) 
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ITov, it can "be readily seen that all ions belonging to the same 

suhmotive gi'/e rise to the identical contribution T,hich v^ioh 

are simply added up Ihis is due to the fact tbiat negative 

sign by the reversal of the direction of magnetic moment of 
8 

ions is counterpoised by another negative ='ign arising from 
the exponential factor which depends on the difference of 
their positions for the orbit 1 part of the magnetic inter- 
action operator, the same exponential factor as in fcne spin 
part has been obtained by going back to (20), ?/nich after 
taking out the exponential factor is converted to (2b) Since 
each submotive consists of 8 magnetic atoms in a unit cell, 

(1) can be simplified to yield, 

- 4 ^ = = ^ ( 12 ) 
me 

vdiere 

y 

^ i=& <121^1 '^'131'^ I ‘ 1 : 5 ^ 

X exp(27ti +< I H I > e7p(2mi ^ (-I 3 ) 

*** 

i B = 2 [e 3 -5^+ ^ J (14.) 

D runs over all unpaired electrons of a magnetic lor h’’ is the 

angle between K and Q at 2 = G- , > 1 0.2^ ’ 1*13^ I '^4^ 

are the ground states of the ions belonging to the lour OThmotives 

^ is the reciprocal lattice vector 
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In the present case it is useful to heep tie wave- 
functions same and transiorm h throng similarity ur insformation 
by R ^ Therefore, 

) Sin^^i \ <'f 1 H (L +^“'' H ^ 6.^(2711 ^~) 

IRC Oo - 4 - » <c ^ 

+ <^3^ 3^3 eyp(27ii ^ t|K+2 _ l ^ -1 g g e^(27ti Spi) 


3 ++^l 

Co 


(15) 


Fow, making use of the standard identity for the vector 

i Q 

operator H, 


H_ = Z Hi , 


( 16 ) 


where R' is the corresponding rotation matrix in the cartesian 
space, it IS shown in the appendix 1 that 

< Y ++I <^1’' ( S e 3 S ) d If > 

Oo^^ D J 1 Co^ 


= K < Y i 2 

Co^^ 3 


iK r 
2 e J 


S-1 I "K ++ 

^2 Go 


(17) 


And, 


++ ' 1 


f 1 2(1 f(t r )+f(I r )t ) 1| 


ll ^ T+> 


= ^4 5,) IYc-> 


( 18 ) 
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where f ^ f(K r^) 

J 

A, A A 

> ^x ^x rnit "vectors in the direction of nev/ 

z,x and y axes respectively 


We note fche following points in the connection of (18) 

(i) and k^” are not unip'ue Pecause there is arhitrariness 
by a rotetion about k which will change k ^ and k 

(ii) Eie 1st term of (18) is predominant for small values 
of K Por an extreme case of E =0, only the lot 
term exists 


Since <'^ 
and 


i ^ ^3 ^3 1 > 1 ^ ++> 

++ ^ n ‘^TT Co 




<f (V f, ) K 


n ++' T 
Go ^ 3 


++' 


(19) 

( 20 ) 


'y “ ^ '"y Co 

do not contain spherically symmetric pert (Appendix 2), the 
spherical form factor \ihich we aim at "v/ould not have contribution 
from the second and third terms of (18) So the omission of 
these terms does not affect the spherical form factor 


After dropping out the second and third -^erm of (18), 
we use it together v/ith (1?) to obtain the follovang expiession 
for (15), 


^ ^;f“ l< X Ik^+kg cxp(27ii ^ ) 

(2xx£i|E:n) +^^exp(2«x2C+21) (21) 


Thus starting with the fundamen"cals and taking proper considera- 
tion to the orbital contribution we arrived at an expression for 
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differential cross section similar to (22) quoted uelOT,/, which 

i i R 

was used hy van Laar, Khan and Ktickson^ to analyse the 
experimental results for GoO 

^ = ( 8^)^ Sxn263 y li^ + exp(2xi 

+ e^(a,. It3|±n) pi^e^(2uxa|21)|2 ( 22 ) 

where, /i , , and f are the magnetic moment end magnetic 
Oo^"^ Co^ 

I form factor of Co respectively (22) was ohtained from the 

‘ spin only’ case hy treating the spins classically and replacing 
the spin moment hy the total magnetic moment of the ion Compa- 
ring (22) with (21) we can identify the spherical form factor as 
^ follows 

^Qq++ „,Sph Part ” ^ ^ Sph Par"^ 

(23) 

It should he noted that comparison of (21) with (22) is valid 
only for the spherical symmetric part of the form factor due to 
\ the approximations involved in neglect of (13) and (20) 

Tahing the limits of both sides for S-*-0, we get, 

as f (0) = 1 hy normalization condition 

Go'^'^ 

/'■ 

r 


(24) 
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Hence, 


Co 


++ 


(K) 


Sph 




(25) 


2 4» 2 Hor in PeO 

++ 4- 

The gro-und state of Pe is 


! 4.^> = 0 909 I 2, ~1> - 0 395 I 1 ,0> + 0 135 I 0,1> (26) 

Pe 

Only Mg and values are specified for the wets on the 

ri^t hand side of (26), S = 2, 1 = 1 is implied As before, 

the pseudo-angular momentum eigen function in (26) are transformed 

^ +4“ 

to -^V state functions of Pe to j-ield, 


I Y > = - 0 909 I Mg = 2, = 1 > 

_ ( jMg = 1 , = 2> ~ iMg = 1 , hj^ = 2> ) 

+ 0 1 35 I Mg = 0 , = -1 > ( 27 ) 

The notations are similar to that used for ,^> 

Go 

Proceeding parallel to Oo"^"^, one can easil derive the 
form factor for Pe'^’^ in PeO hue to the collinear spin structure 
of PeO, the derivation of the form factor is le-s in/olved, as 
simply an additional negative sign occurs witn the magnetic 

8 

interaction operator H for the ions with antiparallel spins 
As a further conseq^uence of collinearity of the spin structure, 

similar to those involved 

J J T I /^FU^? I 

CENTRAL library | 

A 31S90[ 


we do not require to make approxiniations 
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in neglecting (19) and (20) Thus ve o^btain the folloi/ing expre- 
ssion for the differential cross section 

= ( ^^) Sin^^j |H| f >|2 j^_ exp(27ti ^) 

rac Pe Je ^ 


+ exp (2x1 - e3^(2xi 


51m 2 


(28) 


Adopting a procedure similar to the one which led to (22) for 
Co’*’"^, we obtain for Pe"^'^ the following expression for -^he 
differential cross section 




+ exp (2x1 - exp(2xi 2S+1L-) [ 2 


(29) 


Comparing (28) and (29), we obtain 


Since f , , (o) = 1 by normalization, K a., is given by 
!P8 f Pe 

2i<'y |3| Aa.>l K = 0 which follows fipm the limit of 

(50) for t -* 0 


Hence, 


< f .+|B1 1 , 


Pe Pe 


( 31 ) 


which IS the complete form factor unlike (25) 


i 
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r 


2.5 CAXQULATIOI 01 FOBU PAOTOR 
2 5 1 For po'^'^ in Cop 

We substitute in (25) the explicit form of j"^ . ,> 

and H from (9) and (1A) respectively Since H is suii of one 

electron operators, w§ must express , ,> m term^ of one 

electron wavefunctions There are three holes in the 3d shell 

of Co"^, I > IS expressed in terms of these hole v/ave- 

Go'^'^ 

functions in the appendix 3a ¥o\/, (25) is easily calculated 
to yield the following result, 

f ++ (K) = X 0 491 <2le^ ^ ^)2> + 0 391 <1 le^ ^ ^11> 

Go ^ 

+ 0 348<0le-^ ^*^|o> + 0 272 <2jf(S r) j 2> + 

+ 0.244 <1 lf(i r)ll> (32) 

Using the results of appendix 4 for <diii| e^ ^ ^|dm> and 
<dmj f(il r ) I dm> , we have for (32), 

f ++ it) = r4i7r X n‘230 <Do> +0 516 <g^> 

+ |(5tc)’*/^ ^20^^^ " "^^2^ 

+ ffn Y^q(K) X (1 011 < 04 > - 0 704 <g4>) (33) 

To separate out the spherically symmetric part of f , ,(K) 

Co 

we retain in (33) only the spherical symmetric part of 
Ii^(K) given in appendix 5 Thus, 
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Co 


++ 


(K) 


Tr74^ 


X 


230 <Dq> + 0 037 <D2> +0 "^^2 <3^> 


+ 0 516 <g^> - 0 107 <g2> - 0 113 <S^> 

1 


(34) 


T~T4^ 


1.230 <Do> + 0 037 <d2> + 0.162 <D4> 


+ 0.516 X (<g^> - ^ <g2>) + 0,151 X (<e?> - 




where 


:.S 

'Co 


++ 


(K) - 


Go 




(K) 


sph part 


Now using the rel->tion between <gj^> and <3jj>, 


13 


(35) 


^%~1^ " ETT " lit + <Dl+1>^ 

(35) can be written in terms of <0jj> only, 


(36) 


Go 


++ 


(K) 


<0q> + 0 360 <0 2> +0,136 <o^> 


(37) 


Sin G 


» <^ 2 ^ tabulated as functions of — 

by Watson”^^ (K = Using Watson's < 3 j^> values for 

Go'*"^, f® IS plotted against — in the figure 3 It 


Co 




IS found to be in agreement within 6 with the experimentally 

determined form factor for Qo'^'^, Ihe free ion form factor < 3 q> 

IB also plotted for comparison The spherically ssomaetric foim 

factor calculated with , 1 e , (S), as the ground state 

++ 

wavefunction of Go , is foimd to be 


Figure 3 


Plot of the theoretically determined spherically 
symmetric magnetic form factor for Co’^'^ vs (&ine)/>^ 
For comparison the experimental form factor and the 
free-ion form factor <Do^ Oo'^'^ are plotted 


<» 


-I ^ 

H 


r 


i 

'h 

P 
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Oo 


■f-h 


(K) 


<0o> + 0 362 <0 2> +0 161 <o.> 


(38) 


which almost coincides with f® Hiis endorses the 


Go 


arguments, given in section 3, m the fevour o_ me use of 




Go 


++' 


++ 


252 lor le in leO 




The 


There are four holes in uhe 3d shell of le 
fimctions occurring in (27) are expressed in termc of these 
four hole wavefunction in appendix 31 Since we aie concerned 
with the spherically symmetric part of the form factor, we 


le 




> terms 


shall omit <Y ++1 h^ j'Y ++> ++1 

in (31) (appendix 2) Now hy strai^tforward simplification we 
obtain 

<f ++|Hzlt ++> 

‘ Pe ^ Pe 




(0 909)^ <2|e^^ ^|2> + i <l|e^^*^,1> + ~ <0le^^’^|0> 


+ i <1 |f(K 9)ll> + (0 395)^ <2jf(K,^)l2> 


+ (0 135)^ (- i) < lif(K ?)jl> 


(39) 


Using the resul€sCo£ ^ppefidfx 4, (39) hegomes 


1 

2 2^ 2 


1 652 <Do> +0 560 <go> 

+ Y2q(K) (0 826 <D2> - 0 184 <g2>) 

+ Y^q(K) ^ (3 505 <3 4> - 2.920 <g4» 


( 40 ) 
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Using tlie explicit forms of Y 2 q(K) and f3?om 

appendix 5, we can separate out the spherical lorm factor, 


jFe 


++ 


(K) = 


1 


1 652 <Dq> + 0 560 <go> - ^ (O 226 <d 2> 


2 212 _ 

.Q 4- ^ " 


184 <g2>) + (3 305 <D4> - 2 920 <g^>) 


(4-1) 


1 


2 212 


1 652 <Dq> « 0 147 <D2> +0 265 <D4> 


+ 0 560 (<g^> >- 1 <g.>) + 0 313 (<gp> - I <Sa» 


(42) 


Now, using the relation (36) \ie have for (42) 


++ = <3o> + 0 257 <32> + 0 ^90 <D4> (43) 

Pe 

Using the values of <Dq> t <^2^ ^^4^ 4ahulated 

hy Watson, f^ , . is plotted against Sin 0/x Pigure 4 
Pe'^'*' 

Por comparison the free ion form factor also plotted 

Unlihe OoO, no experimental results of neutron scattering hy 
vacancy free PeO are available for comparison with the present 
theoretical form factor 


2 6 GONCLUSIOH 

As shown in Plgure 4, the 11 % of 15-17 % expansion of 
the experimental fom factor for Oo'*"'' in CoO from that of the 
free Co”^ ion can be explained by inclusion of the orbital 
effect There are two small corrections \^ich must also be 
considered Pirst, the covalency effect which was studied by 
Huhhard ana Marshall® for Hi'*"" etc in the strong field 


i 



Pigure 4 

Plot of theoretically predicted spherically symmetric 
magnetic form factor for Pe'*"^ vs (sin0)/X- For 
comparison, the form factor for the free Fe ion, 

10 , plotted 
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representation using the ' '’pin only’ form factor Such studies 
aie difficult for GoO and PeO due to degenerate grouna state and 
siseahle residual orhital momenos Secondly, the spin polariza- 

21 

tion of fully occupied shells as discussea hy vVatson and Preeman 
was found to expand the form factor of lii’^'^ hy 4 ^ relative 
to the ’restricted’ Hartree Pod calculation A similar expansion 
in the form factor of Co"*"^ is expected Thus, the % dis- 
crepancy in the theoretical and the experimental fom factor 
for Oo"*"^ necessitates the quantitative estimation of the above 
mentioned corrections, which is out of the scope of bhe present 
work 
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APPEiraiX 1 


If the magnetic moment ^ of the o ion is oriented 

at (0 , (|) ) with respect to the crystal fixed coo rains te system 

J J 

(Eig 5)} the corresponding rotation operator is given hy 

J 


= !,v (e^ , ({)^) 




© 6 


-10 


(A1) 


Cle irlys fi (0 » ) is arbitrary by a rotation about 

J J 

^ How, the rotation matrix corresponding to (A1) in ordinary 
J 


space IS 


R 


(3) (e^ , 4 ) . Ji(3) (e , * ) jl(5)(g , (i2) 


where 




Cos 0^ Cos (j)^ -Sin (|)^ Sin 0^ Cos 

Cos 0^ Sin i})^ Cos Sin Sin 


-Sin 0 


D 


0 


Cos 0 


3 

(A3) 


s the rotation matrix for orbital moments, ana o rotation 
atrix Identical to (A3) can be v^itten for spin moments as well 

How, we have for the spin part of (16), 


Pigure 5 

J-y. 

Orientation of the magnetic moment of the j ^ ion 
in the crystal-fixed coordinate system 9 and 

J 

are polar and azimuthal angles of the magnetic 
moment 
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J R sx 


S Cos 6 Cos (1)^ - S„ Sin (f)^ + S„ Sin 6_ Cos 

ti O Y U" J J 


(A4) 


Indices 1 , 2 and 3 denote x, y and z components respectively 


S 

D y 0 


(3) 


2 F Si 

1 ^2i 


= Q Cos 0, Sin ({)^ + S,, Cos (j)^ + S^ Sin 0^ Sin cj)_ 

jy J2;j J 

{A5) 


and, 


/R - 2 K s, 

1 ^3i ^ 


"R 

^31 

~S„ Sin 0^ + S„ Cos 9. 


X 


0 z 


(A6) 


down 


and similar expressions for ^ written 

It can le readily seen ly using the explicit form of jf 

Co 

given in Appendix 2a, that 

it r i2 ^ 


4 ++ii e 


'3 


S, 4 ++> = 4 ++|S e 

^x Co Go 3 


S, If.. ++> = 0 


'y Co 


(A7) 


Now, 


iK r. 


<q |2 e ^ S lq,> » i - 1,2, 3, 4 
3 
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= <f ++|S e"'*' ""3 ft -1 ^ ft |^[ > 

Co D 131 


iK r. 


= < 1 |r e ^ s ^s H' ++> 

^ A A 

= 4 . 4 .I 2 e 3 (x S^ Sin 0^ Cos ((). + y S^ Sin 9 Sin (p. 

Co"^"^ 0 ^2 1 1 Jg 


+ z S Cos 0 ) It , ,> 


1' I T ++' 

Co 


iK r 

\ <f ++|2 0 3 II 

Co j 


'1 If ++ 

"^z Go^ 


(A8) 


where is the unit vector in the direction of tine magnetic 

moment of the i”*"^ ion Por the orbital part of n viz , 

i 2(1 f + f 1 ) » we can proceed parallel to the spin part, 

IL 3. IX 

1 

hut the difference is that 


<’t- I ^ 


++' z 

Co^^ ^ D "X 


Co 


+4- 


> ^ 0 


and* 


<t ++I I 2 (^1 \ ++^ ^ ° 

Co"^^ D ^y ^ ^ CSo 


So, 


|:(^3 + *3 ^ 3 ^ ' 

J 


( 2 j(l, f, + ^^1. 


- <t ++I -vi V - 4V-3 -3 ■ *3 -3 

Co 1 j 


3 Co 

“ \ <h„++l i ? ^’-D, ^3 ^ ^3 J 1^0++^ 


Co 

r 

Go’ 

F 

Co’ 


D 2 

2 
D 

; ( 1 . 

3 “y 


+K,, I z ( 1 ,^ fj + f3 13 ^) 


J \ 2 (1 fj + fj I3 ) l'rg„++> 


(A9) 
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where , 

= X Sin 9^ Oos (j)^ -f y Sin 6^ ^ ®i 

K^/ = X Cos 0^ Cos <{)^ + y Cos 0^ Sin - "z Sin 9^ 

K^f = - X Sin <{)^ -f y Cos <j)^ 

which are unit veci^ors in the direction of new z, ^ anc y 
axes respectively 
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iPPBI^DIX 2 

«lfl I and <4^1 | S(1 fj_ + | qj > 

(where ] q^> = or [q_^> = lljl ^^>)j will consist of 

the matrix elements of the following type 


<dm| f(K.r)l(3m'> (A10) 


with 


m ~ m’ I = 1 


It is ohvious from (A11) that only +-](K), (1 = 2 and 4) 
will occur in (A10), and as shovm in the Appendix 5, these 
do not contribute to the spherical symmetric part 


f 
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APPENDIX 5a 


Since 


Go 


++ 


>, 1 


i^> , we expand all the 
states in terms of three 
follows^^ 


e , (9) IS made up of |^r> and 
wavefunctions occurr-Lng in these 
hole functions of d snell as 


state function 


l^S 

I Ms 

IM3 


I , = 3> = (2'^, l'^, 0"^) 


• 1 > 


i 1 

I •n/r y-v V ^ 




fW 


re d"-, o’", -2-") + 2(2^, -I’", -p-") 


i , % = 0 > 


•fr^ 


l“s 

l“s 


« 1, M = -,3> = -J- 
- 2» % ^ 


i, Mt = i> = -ri: 
2* ^ r30 


"(r, 0% -1-") + (1^ 0-, -1+)+(1^o■",-o 

+2 (2", o'", -2'") + (2’",0",-2'") 

+( 2 "", 0 ^,- 2 “) ] 

"(0-,-r,-2’") + (0'",-l",-2“) + (0",-1^-2“)^ 

f6 (2“,0”,~l’")+(2'‘,0’",-1 )+(2'",0 ,~1 ) 

+2 ( 2 ", 1 ~,- 2 ’")+( 2 "', 1 '",- 2 ”)+( 2 '", 1'',-2 ) ^ 


^ state functions 

l“s “ I > “l " 
l“s = I ’ ° ^ 


-L. r-2(U,-2+,0t +f6(2t -2 , -1 ) 1 
L 

_L [-2 (U,-iV) + (r,-i'".ot 
YT? L 

+(U,-U,0') +(2",-2'^,0'^) 
+(2+.-2-,0t + (2+,-2'',0-)] 
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~ [-2 ( 2 ~,- r , 0 ^) + ( 2 ^- 1 ", 0 '') 

^30 L 

+(2”,-1^,0") +f6 (2",-2“,1^) 

+(2“,-2^,r) + (2‘^,-2",r) ] 


Since 1 = 2 and s = ^ for each single particle wavefunction, 

only and are speciiied + and -• superscripts over 

1 1 

indicate 111^='^ and - ~ respectively Parenthesis 
denotes the antisymmetric product function, 1 e , Slater 
determinant made up of the single particle functions given inside 
it 
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■APPENDIX 3b 


To express If , i e , (27) in terms of sinele 

Pe 

particle wavef unctions (there are four holes in the 3d shell 
of Pe") we need the expansion of states as follows^^ 


(Mg = 2, = -1> = (2'',oV2'",-1+) 

iMg = 1, Mj. = 2> = ^ [(2-,r,-i+,ob + 

+(2ti Vr.ob + (2^,il-ilo-) ] 





(l',0V2+,-lb + (1^0-,-2^-r) 

+(r, 0^,-2 ,-1 ) 


I Mg = 0 , Mj. = 1 > 



(2'‘,r,-2%0'^) + (2‘',l‘^,-2“,0'^) 

+ (2'',1+,-2'^,0“) + (2'^,r,-2~,0'^) 

+ (2^l'“,-2^0~) + (2%1%-2~,0“) ] 


The notation is the same 


as in Appendix 3a 
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APPEFSIX 4 

8 2 

We have the following relation, ’ 

<dml I (K r) 1 dm' > 
liiVi 

= Z 20:2L+1)%f/2 F <hj,> 0^2, m, 2, m') 

L 

where <hT> = / R^(r) h-.(Kr)r^di, and the coefficients 

■^0 22 / 

G^(l,m,l'm’) are tabulated by Condon and Shortley (nonzero 

terms in (A11) are for L = 0, 2 and 4 only). If r) - 

giK r^ h(Kr) is the spherical Beosel function while 

for |(K t) = f(K t), hj^(Kr) = g^CKr) , 

where gj^CK r) = ■“ i ^ 3?^) Pj^Cyn) , 

Pj^(y»i) are Legendre polynomials 

The following matrix elements are needed 

<2,2l ^ (l.r)l2,2> 

= <2,-2i ^(K,r)l2,«2> 

<2,1 I ^ (K r) I 2, 1 > 

= <2, -ll i (K.5)l2, -1> 

= <ho> . f ^ ’ 


(A12) 


(A15) 
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r 

n 


<2,0j r) 1 2,0> 


<llo> - i ^ £ (g„)l/2 




40 


(A14) 


We have used the fact that IgoCiO and ") are real 


-40' 


f 
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APPEl^DIX 5 


We have 


23 


Y (K) 
00' 


Y2o(K) 




= ( -xb- ) 


L- ^1/2 


( 


^ ^4^ t.2 


r 


= c tI- 


35 iv^ - 30 li? ^+3K^ 


4-u ^ '' ’ 

1“=; -1 /? i ^7 






•Sit' 


(A15) 

(a1 6; 

(A17) 

(/18) 






T5 


K 


K" 


(A19) 


Clearly, the spherical parts of (A15), (A16) and (A17) is 
as follow^, 

Joo^^)^ 


[l20<K)' 


sph 


sph 


- ^ An ^ ’ 


1 ( 5 )l/2 

4 ^ ^ 

9 __ 


sph 1 syTc 

while the spherical part of (A18) and (A19) is zero 


72 


^ R^gEMGES 

1 0, Halpern and M H Johnson, Phys Rev C90 (1939) 

2 R J Weiss and A J Rreeman, J Ghem Phys Solids 10, 

147 (1959) — 

3 W liOw, Solid State Physics, Suppl 2 ( Icademc Press, 

lew York, I960) 

4, J Kanamori, Progr Theoret Phys (Kyoto) jW? 177 (1957) 

5 DC Khan and R A, Erickson, Phys Rev B 1_, 2243 (1970) 

6 (t T Trammell, Phys Rev 92, 1387 (1953) 

7 S Odiot and D, Saint-James, J Phys Ohem Solids 17, 

117 (I960) 

8 M Bl-ume, Phys Rev 12^, 96 (1961 ) 

9 H Alperin, Phys Rev letters 55 (1961 ) 

10 B van Laar, Phys Rev 1 38 , A584 (1965) 

11 B van Baar, Ph D thesis, University of Leiden, 1968 

(unpuhlished) 

12 Y Y Li, Phys Rev 100, 627 (1955) 

13 S W Lovesey, J Phys 0 (Solid St Phys ), [X! » ^70 (1969) 

14 EE Bertant, J Phys Ghem Solids 30, 763 (1969) 

15 I Dzialoshinski, J Phys Ghem Solids 4, 241 (1958) 

16 T Moriya, Phys Rev 1 20 , 91 (I960) 

17 S W Lovesey and D E Rimmer, Rep Prog Phys 32, 333 (1969) 

18 B Merzhacher, quotum Mechanics (John Wiley ana Sons, 

lew York, 1962; 

19 R.E Watson and A J Freeman, Acta Gryst 14, 27 (1961) 


HulDbard and W Marshall, Proc Phys Soc 86, 561 (1965; 

E Watson and A J Preeman, Phys Rev 120, 1125 (i960) 

U Oondon and G H Shortley, Eie Theory of Atomic Spectra 
(Oainhridge University Press*,* hew" lor&V 935) 

J B allhausen, Introduction to Ligand Piela Theory 
(McGraw-Hill, Hew York , " i 9*6 2") ' 


SECTION - B 


INELASTIC SCATTERING OE NEUTRONS 
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GHAPTBR - III 


SCATTERING CROSS-SECTION ROR RERROMAGNETI 0 

CRYSTALS 


RARE-EARTH 


5 1 INTROEUCTION 

We consider a ferromagnetic rare-earth crystal consisting 
of N magnetic atoms, each of wiich has total angular momentiim J 
and coupled to the others hy the isotropic exchange interaction, 


H 


- 2 


1(5, - 5p 


where R^ and R^ denote the lattice sites 


( 1 ) 


Eor temperatures much lower than Curie point the 
magnetization is very close to the saturation magnetization 
at absolute zero Hence the average projections of total 
angular momentum of the ions, on the direction of spontaneous 
magnetic moment differ little from )Jj Then total angular 
momentum operators are approximate!;^ expressed in terms of 
Boge operators as follows 




~ J" 

ifsr ^ 


bj b^ 


J - J. 


It IS useful to transform from b^ 


( 2 ) 


to 



as follows 
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t) 


D 


■b 


+ 

0 


_1. 

ik R^ 

■2 e “ 

Vr 

k 

J.. 

-ik R 

'2 e " 

fN 

k 




(3) 


Usxng (2) and (3) in (1), it can loe shorn thot 


-j- 

H = 2 ]r "^k constant 

k 

ik R 

where, L = 2J S I(R) (1 - e " ") 

R " 


3 2 OROSS-SEOTIOh ?0R OIE SUBlAgTIOE CASE 


(4) 

( 5 ) 


If eleotronic spin and orhital momentma hoth are res- 
ponsible for the scattering of neutrons, it can be readily 
shown thst the corresponding aifferential scattering cross- 
section in Born approximation for unpolarised neutrons is 


d^r 

dadEp, 


\ 2 u » a ^ 5-n "St t ) 

)2 n j e ^ -J Z (6 - e e ) 

° ® 3,3' a,p P 

X Uj- <P“(0) pP,(t)>at (6) 


where , 



+ f(q. r, ) Iv 


(7) 


q IS the scattering vector, p and p' are respectively the 

initial and the final wave vectors of the neutron,^ 91, 

r = -JL , the classical electron radius, e = . E and 

m e^ l^i ^ 

B , art the energies corresponding to p and p’ respectively 

ir 
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Also, 

, -Hp ' 

Trace J e p“(o) P^,(t 

<P“(0) pP,(t)> " ^ 

Trs»( 0 « Trace t 

wliere, p' = ^ = 1 380 y 10"’’ ^ er^/°y^ 

(Boltzmaim constant) 

It folloviTs from (8) that 


)] 


(S) 


<p“(0) 

J 


pp (t)> 

“E p ’ 

S e <a|P“(0)|a'> <a' jP^.C ^)l«> 

o,a' ^ J 


X 


exp [; 


2 


•fi 


(E,,-EP] 



(9) 


a 

where )a> and |a'> are the scatterer st tes, i e , eigen 
states of the Hamiltonian (1), Hence, 


a> = 


TT -A_™|o> 

1 (nj^ 

1 


( 10 ) 


where, io> represents the vacunm state for m-gnons This is also 
the ground state of the Hamiltonian (1) and corresponds to perfect 
alignment 

lo> = lJ,J> I J,J> lJ,J> 


Transforming into Id Tdj ( 3 ), we obtain for (10) as 


|a> = TT I 


il-, (R +R^ + +R. 


(1 ’^li 


1 '-Ou -321 -3li 


X ’b]!' b!!’ b^ jo> 


3 1i 3 2i 


(12) 


l^=nj^ in language 


Using ( 2) , 
la> = TT 


(11 )V2 (2jj^f)V2 0 -|i>D2i> 


(R +R + 
e ^ -3 11 -3 21 “3 


X j: j: j" 1o> ( 13 ) 

3 1 1 3 2i 3 li 

Thus we transformed the magnon states as a superposition of 

crystal states given by the product of individual ionic wave- 

functions This IS done with a view to simplify the matrix elements 

occurring in (9) An alternate approach v/ould have been to 

transfer P to J and then to magnon variables But this 
3 3 

is not possible for arbitrary values of q 

3,3 CALGULATIOU OB Tt-IB IIAIRIX BI/RHEUIS 

Substituting for |a)> and |a'> from (13) is 

obtained from ( 13 ) by replacing n by ^ ^ 5 ; )> ge'^s 
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<alP“la' > 

(^11 1m)V 2' (2JN)“T“ ^1i ^2i 


1 




X e 


■3li 


X e 


X (J^ j| 

J 1 1 '^21 


4- 


N 


3li 


) IT (j;. Jn« ^0' ^ 

^ 1=1 ^1' 1 ^ 2l 1l 


l=ii- 


lo> 


•k. 


l'=n’ 


k. 


1' =11’ 


( 14 ) 


Tlie matrix element occuiring in (14) i& 


Ji jji ) 
3 2i ^ 1i 


| 0 > ( 15 ) 


l=n 


l’=n’ 


k 


k. 


1 

Since P“ depends only on j'*'’" ion ano l3> is giTen Py (11 ) , 

we can sTi’l' “P ("1 5) “ Product of indiTidual ionic ports 

Talcing S ru = n and E n'j^ = n' , i-e consider the 
1 ^1 1 ^ 

following cases 
(1 ) n = n' 

Then in order that (15) may not vanish, ue must have 




TTK,/ 

1=1 


Dll D 2i 


^ii 


l=ni. 


k + 

HIT (4, 

1=1 


j 1 ) 


( 16 ) 


21 


1l 


1’ =n' 


k. 


I II 


oO 


Otherwise orthogonality relations for individual ionic %a\re- 
functions will make ( 15 ) vanish Moreover not none than 2J of 
may he equal on either sides 

(2) n > n' , (n-n' ) = r 

Then in order that ( 15 ) may not vanish, a coadition similar to 
(#6) must hold for n' out of n and the remaining r of 

J^i must belong to the 3"^ ion so as to occur in matrix element 
with Moreover r < 2 J must be satisfiea otherwise the r 

of acting on 3"^^ ionic wavefunction vail make it zero 

(3) n < n' , n’ - n = r 

The conditions of nonvanishing of ( 15 ) are similar to those for 
the case (2) 

Now, we shall simplify (14) for n>n» The cases n<n’ and 
n = n' will immediately follow from this 

So, for n>n’ we have from ( 14 ) > 


f < a P? a' > 


a' 


3 


n-n' =r 


= < 0 I s TT 
l 1=^ 


•‘^l 1 1 


With 

Z r =r 


i 


'1 


(2JN)-^ + ^’k 


X 


r (k-, ) 4. 4- 




(j: j; j; ) 

3li ^21 ^I'l 


1’ =n* 


k. 
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> 


l'=n 


k. 


|0> + 0 ( I ) 


(17) 

where, and f ^ Er^,r 2 , ,r^ 

Hence , n ~ n’ = 2 r = r 

X ^ 

Use is made of the fact th^t (17) will Ue nonzero for 

T+ T+ T+ - J+ -rt -r + 

“^li '^21 ‘^1*1 “^11 ^21 ^I'l 


which is a more stringent condition than (16) and results due 
to occurrence of 2 e <o v vi 

^1i + -I’-i 

which make (17) zeno if J- arising from different 

^mi 

k^ happens to he identical The error involved in summing 
over all the values of 3 ^^ is of the order of ^ i.e , very- 
small as shown later on 

Also, out of n^ can he chosen in n^ (n^^ - 1 ) (n^^ -r^+1 ) 

ways and the remaining n'^ (= n^^ -r^) are permuted in n'^^ ' 

XI X 

ways Thus, these factors occur in the numerator of (1?) on 
opening the summations over 3 -| 2 » 32 i ^li order to further 

simplify (4=7) we shall open the remaa^ing ou.miations one hy one 
Each of the sumniation can he broken up as follows 


2 ' 

+ 2 " + 

s’" + 

(n’ + 1 ) terms at the most 

D ^ 

^ 1i 

^1i 
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where , 


1i 


2" 


s"' 

^ 1i 


excludes terms with eaual to 0 2i’^3i’ ^I'l 

(i = 1,2, ,N) 

©r ^ 

contains only the terms with equal to one of 

the 32 i> ^ 3 i’ »^l’l’3 

(1 = 1,2, jir) 

contains only the terms nth equal to two 

of the D2 ij33i> ’^I’l’^ 

(1 = 1,2, ,N) 


and so on 


There are at the last (I'-n'-l) terms in d' and all these terms 

^ 1i 

are identical 

The numher of terms in s" can he at the most (n'+l). 


in S 
0 


at the most , m 2^”^ at the most ^ 


and sJ^on 

In spin wave approximation when ^ <<1 , we can safely assume 

that 2 has h identical terms each of \mch is same as that 

for o^^^^not equal to any of 02i’^3i’ ’^I'l 


;) 


1i 


Similarly we can open 2 , ^ , 

obtain under spin wave ^i;pproximl^ion , 


and finally 


2^ [:<a!:P“la’> ] 


a' 


n-n’ =r 


- < 0 M n [ 

/n V r ~1 t 11 




with :^eatriction 


2 r. 


r , 
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n' 


X 


N 


(2JH) 
^28 


r /2 


*P“ 8 


-1 r^(k^ gp 


(2JF) 

r + 


J. 


3 


N 


. p ? IT ^ j ; 

I’l ^ f Di 






j- jr ]|o> 

321 Jli 


l'=n' 


(18) 


where none of the is equal to the others or 3 It is 


easy to see that (18) is simplified to 


Z 


N 




sp 


1=1 


with S r =r 
1 

X y-n^r ■fs'CarTTypnr^l 'u^J-"+n 7 ’ <j,j-r|ppjj> (19) 

To ottain 2 <alP“la'> , _ from (19), take its complex 

^ t J ^ “* ^ 

conougate and change n^^ to n’j^ Again using n^^ “ ^'k '^i ’ 

we ohiaxn 


2 <a|P^la'> , 


a* 


iUi 1=1 


J ' n'-n = r 

fr (4 - 1 ) . (<■- vTT 

1 X 


with 


(2JD) 


r/2 


^ ^iC^i Sn) 
e ^ ( 


)Sr=r xV(arj 2(23-0 31 2^-2) 


'r(2j'-4+(y <j,j|p?|j^-r> 

J 
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32- Y~T2T5 --2^ r^-iy^'--r+4~)~ | J f^-r> 

N 1 23^(kj_ R. ) 


= S TT fTnr4-1)Cn, +2 
^ 1=1 ^1 ^^1 

with. 2 r =r 
1 


1 


(n^Vr^) (2 jn)^/2 


z 


Y"^ J‘ [ 2l 2J-1 7"" 3 '( 2J-2 ) } , “"rr(,2J-r+1 }J <J ,J | J ,J-r> 


( 20 ) 


Also 

<a|P?la’> 


D ' n=n' 
a 


2 : |J which follows from (1§) or— (~2€^ hy putting r = 0 

( 21 ) 


Now, 


E. 


8. 


N 


i==1 




n’v (22) 




1=1 ^1 ^1 


2 

a 


2 

f \} 


2 

a' 


2 where |n, ) 

) n' ) V 

i 




(23) 


<J,J)P“ |J,J-.r> 

J 


<J,JiP“|j,3-r> 


(24) 


Eqn, ( 24 ) shows that matrix elements do not depend on the 

particular lattice site for which P“ is tl e interaction 

(J 

operator Phis is true for one sublattice ferromagnetic crystal 
Using ( 22 ) to ( 24 ) in (9) we oPtain, 
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<P«(0) P3.(0> 


S 2 


N 

-S P’ 

1 ^ 




,n^ iP^in’j, ,n'j^ , 

^jr 1 2 

^'k ^ 

% 


^2 M 


2 exjs *• ( '1-12+ "'■ ^ 

i 

,1,1. ' r n \ / V C " ^ ^ 




5 ^ eypressioit por ORQ^ igS^^ 

Using the relations 


1 S e 
D 


^3,*^3j2 „ iMl^ S 6 (2,-5') 
1 “ v_ „ 


0 Z 


(25) 


(26) 


1 

“Suh 


ibB 

00 

/ e ^ dt 


= 6(E) 


( 27 ) 


and 


(19) to (21) ao wall as (25) an (6), we oMain 
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d?<T = (r ) s e " 2 (5aB-e^ e^) 

7i£<^®r)' ° ^ D)D’ 


-S' 2 6, n, 

» It A (E ,-Ep) P ,=1 A \ 

^ -JL- / dt e , •, 

27iia Ak] 

'- 1^ w 


-P’ 2 e. \ 
1=1 1 ^ 


/ 


N 

<j,jip“ij,j> <j,jii'^ijj> + jjj ^''3i 


(2JB)' 


with S r^=A0 
1 


(2J) {2(2J-I)j I 3(2J-2)j V 

<JJ j JJ-3?> <J ,J~r|P^ I JJ> 
r xt^Kj A * 

I " " . ' 


^ + "^1 ) 


Cm^ + 


( 28 ) 


Hence, 

dihdSp, 




t 2 -2W(1 2 <JJ1 p“ 1JJ> <JJlE^i'TJ> ^^ap”®a 

^ ® a,p 


S 6(a-D s(sipt-®p) 


XT Z 

0 
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9 

X <JJ~1 lpPiJJ> N 2 S 

o k ar 


^'(1/N) <JJ1P“|J,J-1> 

(<n^^>+1) 6(q->a) 6(Ep,-Ep+ Cj^) 


+ <n^> S(a+k-a) 6(Ep,-E^~ 


(29) 


where ~ 


1 





-2 Vn -1 P 

The factor e '^ = | <6** “‘^>| occurs aue to lattice 

vibrations at finite temperature U is the displacement of 

J 

lattice site from the eq[uilibrium position 


D 


ih 


Only terms upto one megnon scattering have been retained 
in ( 29 ) The terms in (28) corresponding to r magnon scattering 
are smaller by a factor of 1/E^ than elastic scattering pert 
Hence the contribution to the scattering cross section by more 
than one magnon scattering processes have been neglected in (29) 

It IS interesting to note in the connection with (28) that m 
the frame-work of spin wave approximation, neutron inelastic 
scattering may occur due to absorption or emicsion of as many 
as 2J magnons This is a consequence of bhe interaction of 
neutron with orbital momentum of electrons; because under ‘spin 
only’ assumption only one magnon was responsible for the inelastic 
neutron scattering It follows from (29) th^^t energy-momentum 
conservation laws for emission and absorption of magnon are 
Identical as for ’spin only' case, but the intensities of 
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elastic and inelastic scattering peaks as ■v/ell as their angular 
dependence ire completely different To calculate the numerical 
value of (29), the following results can he used, 

<JMlP. |JM'> = f 4^ 2 A(k’-1, k') 

^ C'Q'Q K'+1 


+ B(K'^1, IV) (-5) <iv’-1,Q,L'Q'i l(i'> 

X <K’0’ JM' lJM> (30) 

where the ecpression for A(k'-1, K') and B(i ’~1, K' ) are 
given hy Lovesey and Rimmer Also, 

P = P^ = P° 

o 

P^ = + or py =_^(P^+P-1) (31) 

. P . - P . 

p . = (p^-i p^) p^ = - rJ 

- 1-^2 fz 

3*5 THE >SPIN-0MPY> GASS 

The expression for differential sea taring cross section 
for 'spin only’ case is obtained from (29) hy taking 

po^ = P(q) S“ 
and |JM> = |SMg> 


Then 


S (SaS - e e„) <SS|S“|SS> <SS|sPi.S> 

ap “ P 

= 1- (5,5)^} F^(3) 


( 32 ) 


t 
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where m is unit vector along z axis 

2 (6ap - e e. ) <3, S j 3°^ 1 S, S-1 > <S, S-1 [ ! S,S> 

= (1- e^) <SSlS^l3S-1> <bS~llS^|SS> 

+ (1- e^) <SS|S^|3S-1> <SS-1|S^|33> 

tX 

+ (1- Sy) I <SSl3^|SS~1> <SS-lj S^l3S> 

+ <33|S^(SS-1> <3S-1|S^133> 


= +~(1 +e^) 

2 ^ 

= H-£(-1+(iiie)^) (53) 

We have used = ,£ . ±. 3 ^ , in the above 

using (32) and (33) in (29) we get the same result as obtained 
for the ’spin only’ case, i e 

— Sr = (r J )Z 1.2 ( J g ^'^4 g2 f 5)2 j X i. 2yl - J . j; 6 ( 4 - 5 -) 

dildE , 0 J (. 0 z 

X 6(Ep,-Bp) + (rg;)2 ?9a) 

hli! 2 2 6(a-S-iJ 6(Ej,,-13j,+ 1,.) (1-KV) 

^0 f' k 

+ 5(a■^k-^) 6(Ep.-V 


X 
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^LT5BITAa:E APPROACH FOR EERROM&HET .(Qin SUB-lATTIOBj 
We ln,ve, 


ik, R. 


2 e 




f 2NJ 3 ^ =1=0 


1-01 j 


+ 


3l 


xk « E.^ 

0i 


Ik R + 

J— e ^ j; 

fW3 ^ 


SO: 


"^k. ’ ^ 


a 




;i J fm 


^-1 “3 rT+ p°^ 

' Ko’ 0 J 


(1) 
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prom ( 17 ) 'we caXL immediately obtain the differential scottering 
cross sections 

For spin only ca'^e replace jJM) by lSH^> and ly 

p(q)S then (17) reduces correctly to that for spin only case 
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CHAPTER - IV 


SCATTERING CROSS-SECTION POR Ai^TIEERROIIAGNETIC 
RARE EARTH CRYSTALS 

4 1 --^TI EERROMAGNETIC GROUND STATE AS ORJEREE STTTB 

In tiiiG study, ordered state is taken ao gxouna state 
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lioroover, iliQ assumption implicit in \n:iting xlie lo e 

operators (i o , the spin v/ave assumption tor antiferrorndgnctic) 

IS that <a^a^>/2S and <'bi^bQ^>/2S are much smaller than unity 

(see e cact Hotostein Piiml off tronst- ) Hence, lu aiiouiits to 

taking J^a and j\ close to J and -J respectively 
D 

Hence under this assuaption, the ground state of antiferr 
IS T r V 1-V But tils conj.igur"tion i,^ only a pproy 

to ground tato and not the true groind state The hc°t proof of 
existence of two suhlaLtico configuration nth opposite orienta- 
tion is given "by neutron diffraction experiments 
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Magnon eigen state for antiferromagnet is 


!> = n- 






1 


(ag )“‘k‘ ('-g 


a 




k. 


TT 


•1 a 


VSe p ' 


0> 


(23) 


How 


U, 


a 


k. 


V 


2 e 


fH 3^ 


^"1 -D1 a - — 2 e 

flT 


-^lii 


1 

^1 


1 


U. 


k. 


fH 2J 


2 e 


1^ 3 St 

' jV i- S *= 




3i fara igi 


o' 4- 


10- 


S3 

4. e ^ 


rSTf 


Ja„ 


V. 


' T Si + 


f2iTJ 


(24) 


^1 


Now, 


— ,fY ' 

'^IT ’^a 


far 


/Si S3 


+ 


Ja‘ , Pc3^ 


and 


tjo:' 

""K’ '<=1 


-Y- 


k. 


YT]^ 


Si r 


J 


+ 


^1 "1 


0^ ^ 


(25) 


Wow, proceeding on similor lines as for^sullattice erromagnet, 
we obtain 


IT ^ I. 


a . 


1=1 


^•3 1=1 1 


^k/ 


+ 


+ 


f2lT 


T+ 

J 1 ^1 ^1 


^kx ^>3 

S Uj, n^c e 


n^ a-1 

(v) " W'v’ 


X.“ 


1 


=[=1 

rj'.rk-ffp] ( , b\“'' 

_lL_LtL_b ) Z 0 ,, n (c- ) , 

Lx 1 a 1 


2WJ 2 

^i*-D k 


Ik. V s U, n. a (a^^ ) 

.1 f t T‘ 


n, a-1 ,y p 

ICi, ^ikx. k^3 


« I f 

'fl 1 1 


TT (av ) 


nv a 
^1" 


i"^i 


i" 


io: 


+ 2 111 a (\ ® 

X 3 1 


“2ik R 

-»X J 


a- 2 

1 






+ 0 ( -4^ ) 


( 26 ) 


Again, 

IT (-1, ) 

1 = 1 


N 


pT it (cx. 


n, a 
^ 1 


1=1 


+ 


Y21TJ 






X 




X’ , -"X r.i 

S (-Vj. ) ^ Uy ) ^ 

11 1 


Hn. OC 


n. ^ C<.r<<71 

! i 1 11 

TT (aj, ,) " ^ m i 

l' ^ 


X 




2 Vn_ n-, a (a-i^ ) 

1 1 1 
1 


a-'' -ik^ R. 

‘ 1 e ” y 


2 111 a X 

I'ti 






TT (“ 1 , „) 


+ S Hj a. (iijj. cc-1 ) 

1 1 1 1- 


X e 


k^ii 

i"=|=i' 

^1 

-2lk Rn 

-1 {ay ) - 


TT 

l’ =t=l' 




+ ° ^ ■pT? 


■> - ) 


( 27 ) 




1C' 


Nov/ 


' k . 


U. 


k . 


^-1 Si, 


V- 


k . 


S e 

rm 


J 


-_1 


b 


4 , e 


f2^J 


J. 


a . 


ik ^ k -, 

+ e " J 


V- 


k, -Ik, R 


fmJ 

^k ^ 


b 


1 f MJ 


TT (Pk ) " 5 


1 -ntt' 


a „ 


-1 -D J - 
a . 


IT (Pi, ) 

1 1 


^k P 


1 , 1 


+ 


J , p; 

f 2NJ L ^ 


-iiij, 63 


P (Pv..) 

I’fi 


P 

1 ' + _! 


S (- V , ) nj ^ ( P]j ) 
-1 1 ± 11 


VP-'' 


[j; > rk .5“ Ji 


a . 


3 3 ^. 3 


i' 2NJ 


\ ^ "^k "^k ^ (^k ^ 

) 1 ^^1 1 1 


-ik R 

1 e " 2 V-, n, p 

I'^f^i 1' ^1' 


35: (Pv ) 

i' 


^k ~ik, R 


n , G 


" TT (Pk ) 

i"i=i ^ 
fi' 


- 2 ilc R 

< “r P-'’ ® ’■"'x 


+ 2 2 
^ ■V'v 
1 ^ 1 '"1 


lT(Pk ,> 

L'=t=l 


^k P 

^1' 


+ 0 ( -^2“ ^ 


( 28 ) 


105 


and. 


TT (Pk ) -b 


n^ P 

1 ptx 


1 1 


1 


n. 


= p“ mrv ) 


b]_ 1 '^1 


5i 


+ J= lj; . Pb ] j pv I*’ tpi ) '■ 


"ir =-■' 


■f2lJ ^l’ ^1 1 1 1 


r 


fl 


-h 


2NJ 


£S£SA22 x 

? 


n- 


n* 




l^ tp-^ 


ikj., Si 


\ ,p 


TT (r, ) ^ ^ ^ -1 

.. I i 1 ^ 1 X X X 


l"=l=l‘ ^ 

^1 


2ik^ Si 


n- 




■l^--2 


X- 

TT (Pi. ,) 

i’ ^1 ^ 




(29) 


We want to evaluate ^ ^ 


Humber ot magnons in lA> is na + n,! 
Humber of magnons m |A'> is n a + n 


<AlP“ 1 I' > 


< 0 


TT 

1 


It 


\ a j,. , 

(civ ) (Pk ) I 


Yn 


V’ 


ptt 

3 -^ 


n. n-^ r 

(ccT ) (rj ) "■ 

IT — ^ ^ Mo> 

1 YnTTT YHUT i 


V 


(50) 


10C 


Now 

ex' 

TT(«v ) (Pfc ) 

11 1 J] 


n, 


Hr 


, ■''‘k p 

TT(«k ) TT (Pi ) " 

11 3 1 


P 


jTa 

+ TT (“v ) ~ X 

1 1 


n. 


fW 


[Jav^J ] (Pi^) e - -3 ^ 


D 


111 ^ 



R-.1 -Ik R 

2 V, n, „(p, ) e ^ ^ X 2 V,, n. 

1 1 iP 1 


i' ^1 


^1' 


n- 


n. 


(Pk ) 

^1' 


■k^,p-1 -ik^, R _ ^ 


>, E 


TT (Gv ) 

I'fx 


-'2ik^ R^ 




■2 - - ' ^ -3 (Pi, ) " 


+ 2 ® 


+1' 

1- P-2 




TKfk ) 

•+x 




+ 0 ( ^ ) 


(31) 


pCX 

a 


nv 


D 1 


TT (^k ) ^Pk ^ 


rm 


-J-+ ptt ' 

- ^3 ’ 3 


1 ^^^x x“ ^ 



107 


n. 


lie, k,a-1 


TT(«i, ) 

i4:l 


\ lO' 


c 


^TT(V ) 


-1 , 1 


ii 


+ — — > 
2 JJ 


L"< 


n. 


111 1-1 

2 U, n, (ai ) ^ e ^ 


f- ’c u 
1X11 


n 


^ ^ X'“ 'X' 

l' ll 


'^iX-i Rj 


n. 3 


(«> ) ■"' <= ■"' TT (cv ) 


1 




J-fl 


i 


fj 


n- 


n CXIV. XL 

+ ^ '^k aX a-l) ® 

1 1 

1 1 


'1^ r 

•X* yi 

TT (Pk ) 

■S 


+ 1 

f- a' -I 


’ ^-1 

S(-V^ ) Tl] 

f^IJ 

La^ 3 J 

1 1 

X 


^k. , L 

TT(Pk 

) " ]T(aR ) 

> i. 1 ., 


<“k ) 


'lc^a-2 


TT(oi 

L'tl " 


n, I 


^tr-1 ~ix R^ 
) 1 e 


1 .. _1 


+ 


2RJ 


,rj: 


-"d " "d ' 


X 


ilr R ^k.a-l 


n. 


2 U-, n, e 
7 Ic k, a 
111 


(«v ) 
1 


li.a 


1 “3 'i ^ J*f (a-^. ) ' 


i'=|=i 


X7-'' -Ik, E 


X, 


X S (-Vj^ ) nj^ ^(Pir ) 

1^ 1- 


'1 


•1 


^1 ^1 


TT(\, 






CO. 


1C_ 


+ 


2NJ 


j: , r j: , i 


n. 


2 


^ \ riy { , ) 

1 X X 


i^r-1 


•ik , 11 


n- 




k. 


tF' 




1' -D 




k, , k , r M , 

X* 1' X’ 


n. 


IT (r,, ) ITCcci, ) "■' +^4 ‘h <-h c -1 

'^T n T n T T 1 F ' 


n. 


k a 

X > 


-2ik^ R 

) e 


i"=|=i ^ 


XIX x^ 


n- 


It (pk ) 


ic^r-2 


n. 


n- 


1 “ ? 


TT{Pv ,) TTK ) ' f "0 ( 

t X ^ X^ ^ -IN 




(32) 


Case I 


n, = nk and n, ^ = n'-, 

k^a k^a k^l 


<a1p“' I A’ > 


<0lpf|0>+ -k= <0| [j* 1 ^ '^1 '^kaX^-^h. > 

a.' -y-guj 1 1 1 1 


-1 R^ 


+ 


4 = <oi [j; . '■!' ] ^<--\ )"i -iik -> ■“ + 0 (-a) 

fWJ ^ 3 1 1 1 1 ^ 


= <OlP“'|0>+ ^ 

D 


<oicp:.pf] 

J 


1 11 


( 33 ) 


Again 5 


<!L|p“^ 1 A' > 


1 1 1 1 1 1 ^ ^ 


Case II 


It IS easy to see that matrix element <a|P^ Ia' > 

for which n +n = n' + n' hut n, T n' a-id 
‘ a P t a ' Ic a 


”k r + '"'k. n > 


< A I p; I A' > -^ A 
D 

and contribution of such termc to differential ccouuering 

-I 

cro&'^-section is 0( —s') and hence neglected 


(34) 


Case Ilia 


n + Un 

a p 


n' + n'^ ,*+l 1 e n = n' 


Let n. 


k^a ’ 


= "'kG ,o 


<AlP“ lA»> 
D 


<0lCJa > h°> ^X'“ ® 

fpTIT ^2 1' 1 


ik , A i 

- . oc ^ ) 


( 35 ) 


110 


Case lilt) 



If 

X'p 

= 

<M< 

1 A' > 


.J..,, 


^J ?m' 


+ 0 ( 

Case I?a 


n - 3 

k^,a 

= 

<a1p“' 

i.J> 

- 

<01?°^ 

Cl, 


1 


YW 

Case IVh 


If 

n, . 
k^,,’ 

= n»3^^ 


a ^ k a p ^'k , ® cept 

t-1 , then 


^3 5 


'It 


>' V r 

1 ' ^ 1 '^ 


■^L ' is 

-*- J 


N 


57^ 


V^a “ ^’k^a ’ ^\p “ ^ k^p 


’- , e cept 

ii- 


j - - -^J ^ Q _i ) 

. ‘-Ik. , R_ , „ t „ , 

^ e -‘' 3 Oj^ <0|P“ J^ |0> 1/n^ 4 

WT •‘^T I ‘^2 J 1 


k^a 


n 


. ana n = n'. except 


( 36 ) 


111 


Then 


<A P“ A' > 
a 




IT 


3/2 


1 


ik, , R 


^f 2RJ 
— 0 + 0 ( 

l/ 


D 3 


(“X.^ ■ ■' <oix <, io> vBr.”T 
) 


(37) 


Case Y 


then 


If n-n' I = 2 say 


< I P 


a 

8/^ 


1' > ^ 




172 


(38) 


and corresponding term in sc-'ttering cro s section 

-1 

IS of the order of “-«r which is neglected as f'^r ^’s one 

R 

magnon scattering !■" concerned 

-jCC ' 


To evalmte I > 


n 




n- 




1 e , <0| ( TT 


(ttT, ) (Pv ) 


1 ^fIl■ 


'Ic^a ’ 


fi 


n 


■k pi 


"k. 


a 


n- 


(< ) 

TT 


+ N 

PlX 


•k^p 


^ 'f\a< 


YS 


0> 


k P' 


(39) 


112 


Now 


TT ( ) 

1 1 


^1- a n 

^ (Pk ) ^ 


a 




rr (cxk ) 

1 1 


a 


n 


'KP 




1 I* t" "nCC ^ "n 

“rrr: l ""h J ^ 

irm ^1 


J \ ^k p ^Pk ^ 

111'^ 1 


Xn-1 lln Rl \,P 

" e " TT (Hk ) " 

I'tl 


+ 




n. 


2NJ 


..-1 

2 ^k ^k r ^ k ^ 

1 \ 


Si 


n- 


2 U, ^k G ^ ^Pk ^ 
'^x ^I'P 1' 


■\.P-1 iSx' Si 


n. 


IT (r, ) 

1"=|=1 ^ 

=|=1 ' 


k. „r P 2ik R. 

+ S u 2 ^ (ni,^„.^ J e 


-j,«i 


0-2 

Tic. ) " IT (rv , ) 


n,. 


-i"' 


i’ ={=3 


1 


+ ° ( i^y/F 


) (40) 


p“' TT (a ) r j pj' T 2 ^ 

•^bn 'f ^“k. ^ k, ^ ,r^ '- b-,’ b. 4 , " k/ 


a X 




V-1 


ik. R-i 

K e TT («], ) 

l'|=l 


. : - . L“h ’ -^h - 

f2HJ *^1 *^1 1 


\rO' 


n- 


Tr(,\ ) 

ii i.| 


’k 

1.^' 


115 


+ 




2NJ 


2 V, n, ^ (a ) 


a-1 




^-1 -1 


i' =1=1 


,-1 -ik^i 


ii. 


2 .(c^v ) ^ e ^ " TT (av ) "■ 


k, jx 




P -21'' R-| 

+ S -v-v^ ^ “L,a(=l,a-l) ® ‘ ) 




11" '1 , I 1 

I'fi 


X .. 

1 "=1=1 ’ 

=}=l' 

K^a-d. k. , a 

^ TT (-x, ) ^ 

, ■ 


n- 


Ic r> 


n. 


^TT(ri ) ' + 


L 

1^ *^1 


L '^h_ ’ 3 ^ X ■" ^ 


f 217 ^1 ^1 1 ^ 1 1 X 


e 


ik^ R-i 

-1 J_ 


n- 




a 

X IKx ) "■ TT(ak ^ ^ 

I'X "-I "-I 


+ 


2NJ 


. <3 


■^-1 X 


X («! ) 

I'^fi 


1^1 


2 ) ^ X a ^“k ^ 


X^a-1 


1 1 


11 


1 -1 


2 X ^ ) 


1 ^ 1 r| ^ 


ik R-, 

«*• »i ** 


X e 


n- 


k. 


IT (r,^, ) 

1^ X-] 


1 1 
2NJ 




n, 


’It ik R. 

S Ui Hi ^ (Ti ) ^ X 6 2 U-. Hj r ( ) 

: \ k' ''*=1 k' k' 


kc. 
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El 


n, 


TT (Pv ' 


u 


'^1 


F 2 

1X1 


P~1 ^ 




2ik^ R-i 

3 (P^ ) 


n 


■k r-2 


n. 


" TT W ,) 


' -P 




n- 


k, a 


i' =j- 1 


f -1T( 


■1 


1. 


1^ ■^l 


+ 0 ("3^ ) 


(41) 


F' 


(41) can be obtained from (32) on ma'' mg the followin; 
rep lac ements 


P“' by Pj' , by (-v^ ) , by (-R^) 

t] 1 1 


J“ by Jr and j”*" by J-j!' or vice versa 

Dp D3_ 


a 

Hence the xesnlts of various cases worked out for |A'> 

• "3 

immediately yield that for ‘^4.1 P^ |A'> 


a 


Case I 


<AlP“ lA’> 
°1 


<0|P^' |0> + 


1 


ik, R- 


faHJ 


f2NJ 
b 




El 


1 




1 “11 -1' 


1C iln 

U, r ® ~ + 0( ) 

p k k p 


= <0lP^' lo> + 


1 




1 1 !'■ 




I;;.;: f SsSSfeijj&iiia ' MKw P/i i A-r & P .i-4if;i.a3!?¥Si:i«WSi>>^ ;:■« 


J 
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Case II 


<a 1P.^ |A’> || bame as (34) 


Case Ilia 

:,a' 


<A|p“_ I A’ > 


1 

„ <0| [ ] |o> (-T^ ) -^ + r ( -A? ) 


1 


Oa-e Illb 


<.i|p“ 


'> 


bi- 


'' <0 1 [ 


fztr 


TDi’ 


C8.S0 IV3. 


(43) 


ill J 11*1 A 


(44) 


<ii.|p“’ I V»> 


a 


<o 1 Pi^ I ’'ic^ ,a^ ,a 


.p- 

0 + 0 ( ^ 


+ 0 ( “1 
1 ' IT' 


Case m 


<A|P?' I ' 


•b 


1 




N' 


f 
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U. 


, -ik, , R-, , , 

i' p -i' -1 T+ 


^^WJ 


<0|P“’ J+j0> + 0 ( -^ ) (45) 


Case V 


<A|P“ |A'> ^ s^jie ^3 (38) 




Now 


cL^dE^, 


P’ 


== (r, tf 2 (6 


P „ p ^“ap 


, 1 r” 


-iq(R -R , ) g -1 o_(R -R^) 

S e - ^ - <P^(0) pP,(t)> + 2 e - 3 -L 

Ld,d' ^ ^ 0,1 

<P“(0) PT(t)> + E e <P?(0) P:;(t)^ 

3 1 l,J ^ J 


+ 2 e 

1,1' 


■il(ll ill. ^ 


<PJ(0) P^,(t)> 


(46) 


Now, taking [O = TT iH^ |J-J> 


0 


T ao 11 


\;e have 
Case I 


<AlP“ |A*> 
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= < JJlP“' lJJ> + i E a \ 

DM1 1 1°^ ^ 


- <JJ|P^'1JJ>] 


a. 


<jj-i |p idj-i> 

D D D 


(47) 


and 


<a1P^' I A.’ > 


a 


1 


<J~J |P^JJ-J>^ + 


1 


<J,-J+l|P?' lJ-^+1> 


1 


1 


1 


<j-j|p“^|j-j>J 


(48) 


Gase IIIa_ . 


<AlP“' |A' > 

D 

1.. 

fu 

<i|P?' lA’ > 
'^1 

fK 

Gase nil). 


<A|P«’l.J> 

D 

1. 

fN 

<AlP?' 1 '> 

1 

1 . 


<jj~i p“ lJJ> Y 

a 


U,. e 


3 “=^1' 


"•’i Sj 


(49) 






'1 


<ji|pf|JJ-i> T“i p ® 

D 1 ^ ^ 


-"^1' 53 


(50) 






ll' ~1 
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Case IVa 


<a|p“ |A'> 

a 






U, 


<JJ|P“ |J,J-1> 


1' D 


<A|P“’|A'> = 0 


1 


(51) 


Case IVb 


<a|p“ |A'> = 0 


(52) 


Now 


<P« P^'(t)> 

3 


> e 
A, A' 


’ (T' A I ’ I ^ t 


<AlP“ 1 l’> <i' IP^, Ji'> exj) 


rV(i^ . 


)] 


1 


2 e 






<JJ|P°^' |JJ'> aj-jjpf’ ' I J"J> ^ > 

3 ^3 3 1 1 1 N ' 


'1 


X <J-J |pf!' |J“J> j <rJ-l jP^’ “ <jj(p“ jTj> } 


1 


1 L D 


D 3 3 0 


p r 


+ ■^2 

^ N ^ u, p 

-A* 


<n^„> X <JJ|P“ |JJ> i <J,-J+1|\ |J,-J+1>i 

AN , '^3 3^1 1 


1 


f' ^ ^ 

<J-J |P^' |J-J>^| + 
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2 -1C,, <X,6> ^ 


lilt (5.%) 


1 


X e 




1 1 


T I 'J + lx 
^ J 


<JJ 1?“' [J ,J-1 > _<J,-JlpP' jJt-J ''1> 2 Ut (<n^ ^>+1) 


D 


D 1 
t 




-Ik, ,(R +R.) ii k a 
X e " e 


1 1' ' 1' ' 1' " 1'“' 


(53) 


Pirst two teims of <p2 (t)> are obtained from -oove by 

^-3 

sixiply interchejiging a' and p' 


<P“ pP (t)> 
"^3 ^-3’ 


<jj1p“ |JJ> 

3 ^3 33' 


<Jj|pP' |JJ> + 2 


3' 1 


1 1 
ff 


<JJ|P“ [JJ>^ 


X (,,<JJ-1|PP'JJJ-1>,, - ^,<jj|pP'jjj>,,) iJJ>3 

J J J 


X (/jj-i|pp“ ijj-i>, - 


a^’--D 
it 


X ,<JJ|P® 1jJ-1> , E <n, > e ^ ^ ^ ^^lO: 




+ ^,<JJ|P“;|JJ-1>J X 3,<JJ-1|<, I W>3, S, (<■!.,, a> +0 


\, 


cl^ 

^ ^ V 
h k^,a 


(54) 
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< Pv' p£' (t) 

°1' 




1 ' 


111'" 


1<J-J|P“|^|J-J>3^ I,a,-J+I|p|^jj,^+1>^, - j^,<j,-j|pP' Jj,-j>^,| 


+ j,<j-j|pP^|j-j>j^, I j^a,-j+i |p“^|j,-j+i>^ - j^<j,-j|p“^|j,j>^^ 


i i<j,-j+i|p“'|j,-j>;^ ;l,<j,-t|p|; Jj,-jpi> ^ j, Til 


i 


1 ' 


1» ^^1' 




ik^, (Rl~Rl, ) R 


+ 1 i<J-J|P?’ iJ,-J-1>i 

i ui -L 


X 




-Ik^, (§1-1^11 ) h 


(55) 


It IS to be noted that on peiiorminr; the simaa+ion over R^ 

and R the third and fourth term of (53) ’vill v^msh due 

3 ik^(R^ t R ) -iq(R^-R^) 

to occurrence of e x e 

4 3 ORD MAOhON IhIPhSITIRS 

Each magnetic unit cell has two ions, one at , other 

at the % ~ 2 
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dV 


dildE , 

Jr 


ele^^ 




(2 tc)^ F. 


m 


6(a-T) 


v^m 


5: 


j<jjlp“ |jj>j 3'<JJ|i‘o ]^<j,-j|p^_h,-j>- 

0 3 




1 ' 


<J, J|4,, ] 


X ^ 1 - I B lj 2 <n. 

1 1 


C] 


+ 22 

1 F 


<^k > 
1 1 


^<JJ|P“ |jj>;, ;,,<JJ-1|PP |JJ-1>^, 

j j 


+ ^<J~J|P^^|J-J>^ <j,-j f-1 |P[^JJ,-J+1> 


1' 


+ 2 Oos 0 r ^2 I ^ 


( 1- I S u2 <n > ) + i S u2 > (^<J-j|pPj^|J-J>3^ 

1 i 1 11 

X <JJ-llP“ lJJ-1> + j 


' 3 3 ”3 


Because <n-^ ~ 


Jlc,p 


as 


k^f 


for 


ant if e rromagne t ^ 
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(fj 


d ^LdE , +1 

Jr 


i. (6 p-e e^) 

c^p ^om 


;) 


2 6(a-i - 2 ) 6(E ,-E - fe, ) 

L z,lc^ ~ ^ ^ 1 


X <n^ > Uf 
1 1 


<JJ-1 1p“ |jj> ,<jj|pP |jj-i> 
J J t 


'J ' 


+ ^<J,-J+1 |P^^lJ,-J>^ X ^,<J,-Jjpp^jj,-J+1>^, ] 


+ S 2 ^ 6 (q -^ lc^-2) 6 (Sp,-Ep f x >3 

^,<JJ-11PP JJJ>3, +l<J,-j|Pg |J,-J+1>^ 7 - 


(<n^ > -f 1 ) U{ 




^ , <jj 1 p^^ J jj~i >^ , + ^aj-j+i jp^^|j*-j>^ 


2 _,<J,-J 1 P^’ |j,-J+ 1 >^t f ^ ^ > 6 (n-\^-z) 

6(Ep,-32p-6^ ) r (<nj^ >+1) 6(q+k^-z) j(Ep,-Bp+ fj, ) j 


N = Um 
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CHiPTER - ^ 

CORCLUSIOi' 

The simple ordered reel state ic rule ground state 
of a real antiferromagnetic system Tie roxiect grouna state 
IS 

|0> = C exp 1 a[^^ ( G> 

L P5q,k J 

where |G> lu the ordered state, identical /ith 

of equation (19) of the last chapter (p) and (q) 

represent geneialization to many sullattice system Eor a 
two sublabtice system p = 1,2 and q = 1,2 Ey- = (a)~ (§_) 

where a anO p are transformation rnatiices utilized in 
diagonalizing the Hamiltonian (L R Y/alker, Spin Waves and 
other magnetic modes, Magnetism, Vol I, Eel G T Rado and 
II Suhl, Academic Press, H Y 1963, P 315) Por using in 
the analysis of experimental data, the theory of the 
scabteriiig of neutrons from antiferromagnetic substances deve- 
loped in the la^t chapter has to be modified by replacing 
the ordered ground state by uhe coirect i_,io no suate described 
above The v/oric, along ath its apjlication to real anti- 
f err omagne tics with negligible anisotrophy (e g , KCoP^), 


IS in progress 
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